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BBEJAEHUE

Meronnueckue yka3zaHus COCTaBJIEHBI HA OCHOBE NMPAKTUYECKUX 3aHATUH, KO-
TOpPBIE aBTOPBI IPOBOJAWIM Ha IMPOTSHKEHUH MHOTHX JIET NPENOJAaBaHUS JUCLUILIMH
«MaremaTtuka» u «Bpiciias marematuka» B Bure6ckom rocy1apcTBEHHOM TEXHOJIO-
IrM4ecKoM yHHUBepcuTreTe. [IpuBen€HHBIN MaTepuall IPOBEPEH HA HECKOJIBKUX IIOKO-
JIEHUSIX CTYJEHTOB U COJEPKUT HEOOXOIUMBIE CBEJIECHUS AJIs OYIAYLIMX WHKEHEPOB.
Cpenn pacCMOTPEHHBIX B yKa3aHHUSX THIOBBIX MPUMEPOB €CTh 3aJlayd, UMEIOIINE
MPAKTUYECKYIO HAIMPABICHHOCTh U CBA3aHHBIE C JUMCLUUILNIMHAMHU, KOTOpbIE OYyIyT
U3y4aTh CTYJEHTHl MEXAHUKO-TEXHOJIOIMYECKUX CIIELMAIIBHOCTEN B CIEAYIOIIUX Ce-
MeCTpax.

JlaHHbIE METOAMYECKUE MAaTepuasbl NpeIHa3HAYEHbl JJIA CTYJIEHTOB MEXaHU-
KO-TEXHOJIOTHYEeCcKoro (pakynpTeTa. B paboTe mpuBeneHbl TEOPETHUYECKHE BOMPOCHI
IUISL CAYM DK3aMEHA, COJEp KaHUE W TEMAaTUKA NMPAKTUYECKHUX 3aHATHHA IO yKa3aH-
HBIM JUCUUIUIMHAM. MeToAnYecKue yKa3aHusl HallMCaHbl B COOTBETCTBUU € Y4eOHOM
IIPOrpamMMoN AUCHUIUIAHBI «MareMatrnka» U «BpIcIias MaTeMaTruKa» Uil CTYJAEHTOB
nepBoro roja odyduenus cuernuansaocreii: 1-36 01 01, 1-53 01 01-01, 1-40 05 01-01.

B mMeToauyecknx yKa3aHUSAX pacCMOTPEHBI TP pa3zesia IucUuImMH «Martema-
THKa» U «BpIcIIasg MareMaTuKay: aHaJIUTHYECKasi FEOMETPUs, TUHENHAS U BEKTOPHAsI
anredpa. CornacHo ydyeOHOU mporpamme KypcoB «Marematuka» u «Bpicias mate-
MaTuKa» JJI CTYJICHTOB MEXaHUKO-T€XHOJOTMYECKUX CHEUaIbHOCTEH BCE ATU pa3-
JeNbl CTYJIEHTHI TOJDKHBI M3y4nuTh Ha 17 aynuTopHbIX 3aHATUAX. Kaxgoe mpakTuye-
CKO€ 3aHATHE NPENCTaBIIAeT COOOM METOOWYECKU MaTepHuas JJid €ro MPOBEICHHUS,
COJIEPKUT PEIICHHS] TUIOBBIX MPUMEPOB U MOJOOPKY PEKOMEHIYEMBIX K PEIICHHUIO
3a/1ay Mo TeMe 3aHATUA. B Hayane KaXqoro mpakTUYeCKOro 3aHATUS PUBEIEH KpaT-
KUl TEOpETUYECKH Marepuai, KOTOPbId HEOOXOAUMO 3HAaTh CTYACHTY HpH MOATO-
TOBKE K ayJIMTOPHON M CaMOCTOSATEIHLHOW pabdoTe IO 3aJaHHOW TeMe, OJIHAKO ATHUX
CBEJICHUI HEIOCTAaTOYHO JUIS CIAa4M 3K3aMeHa mo npexamery. [Ipexne yem npucty-
[IaTh K PEIICHUIO 33/1a4 MMPAKTHYECKOrO 3aHATHSI WIM BBIIOJHEHUIO JIOMAIIHEro 3a-
JaHUsl, CTYIEHTY HEOOXOANMO U3YUUTh TEOPETUUYECKUH KypC JEKLIMOHHOIO MaTepua-
Ja Wi oOpaTUThC K aKaJeMHUYECKUM HU3JaHUsAM Uil 0ojee AETaIbHOrO0 M3y4eHHUs
paszienoB Kypca, KOTOpbIe €ro uHTepecyroT. HanMmeHoBaHME 3aHATHI, a TaKXKe UX
CTPYKTYypa MOCTPOEHBI B COOTBETCTBUHU C y4E€OHON MPOrpaMMOil yKa3aHHBIX JUCIIH-
IUIMH JJ1s CTY/IEHTOB MEXaHUKO-TEXHOJOTHUYECKHUX CIEHHUAbHOCTEH, a TaKKe MOTYT
MPUMEHATHCS HA MPAKTUYECKUX 3aHATUSAX CTYJACHTAMH APYTHX CHEUalIbHOCTEN pas-
TU4HbIX (popMm 00yuyeHus. CTylneHThl 3a04HOM (HOpMBI OOYUEHHUS] MOTYT MPUMEHSITh
M3JI0KEHHBIA B METOAMYECKUX YKA3aHUAX TEOPETUUECKUU U MPAKTUUECKUN MaTepu-
an Juisl CaMOCTOSITEIbHOU PabOThI MO MPEAMETY U BBINOJHEHUIO KOHTPOJIBHBIX 3a/1a-
HUM.

[IpenyiokeHHbIE METOIMYECKHE YKa3aHUSl TakKe MOMOIYT CTYJEHTaM IOArO-
TOBUTBHCS K IIPOXOKJIEHUIO TECTA MO OTAEIBbHBIM TEMaM M paslenaM Kypca, TaK Kak
IIPOBE/ICHHUE 3a4€Ta WJIM IK3aMEHA MOYKET NOJApPa3yMeBaTh 3JEKTPOHHBIM KOHTPOJIb
3HAHMM.
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NEPEYEHb BOITPOCOB YYEBHOM ITPOI'PAMMBI I1O KYPCY
«MATEMATHUKA» U «BBICHIASI MATEMATHUKA» JIJISL
CHEIIMAJIBHOCTEM 1-36 01 01, 1-53 01 01-01, 1-40 05 01-01
(IIEPBBIM KYPC, IEPBBI CEMECTP)

. BeickasbiBanus. Jloruueckue onepaiuu Hajl BbICKa3bIBAHUSAMH.

. ByneBbl QpyHKIHH.

. Muoxectsa. [Iycroe u yausepcanpHoe MHOKeCTBa. [ logMHO)eCTBA.
. Onepanuu HaJl MHOXECTBaMHU.

. CBoiicTBa onepanuii HaJl MHOXKECTBaMHU.

.‘BekTopsl 1 NMHEHBIE ONIEpAIK HAJl HUMHU.

N O bW N~

. IlorsiTne nuHEHHOrO MpocTpaHcTBa. [IpuMepsl IMHEMHBIX TPOCTPAHCTB.

8. JIuHeliHas 3aBUCUMOCTb W JIMHEWHAsi HE3aBUCUMOCTb CHCTEMBI BEKTOPOB
JIMHEWHOTO IPOCTPAHCTBA.

9. JIuneiiHas 3aBUCUMOCTD U JIMHEWHAsA HE3aBUCUMOCTh CUCTEMbI T€OMETpUYE-
CKHMX BEKTOPOB.

10. PazmepHOCTh U 0a3Mc TMHEHHOTO MPOCTPAHCTBA.

11. IIpoekuust reoMeTpUYECKOro BEKTOPA Ha OCh, €€ CBOMCTBA.

12. CxanspHoe MpoU3BEIECHNE BEKTOPOB U €TI0 CBOMCTBA.

13. BeruncieHue cKajlsspHOro IPOM3BENECHUS B OPTOHOPMUPOBAHHOM Oa3uce.

14. BekTopHOE IPON3BEAEHUE BEKTOPOB U €TI0 CBOMCTBA.

15. BplunciieHue BEKTOPHOTO M CMEMIAHHOTO MPOU3BEAEHUS B OPTOHOPMHUPO-
BaHHOM Oasuce.

16. CmemanHO€e MPOU3BEAEHNE BEKTOPOB U €r0 CBOMCTBA.

17. OcHOBHBIE 33/1a4X aHAIUTUYECKON T€OMETPUM (PACCTOSHUE MEXKAY JIBYMS
TOYKaMHU, JIeJICHUE OTpe3Ka B JAaHHOM OTHOIIEHUH, IJIOMIAAh TPEYTrOJIbHUKA, 00BbEM
MIAPaMUJIBI).

18. YpaBHeHuEe NpsAMON NMPOXOIAIIECH Yepe3 TOUKY, C 3aJaHHbIM HOPMAJIbHBIM
BekTOopoM. OO11ee ypaBHEHUE NPAMON Ha MJIIOCKOCTH U €r0 UCCIIEA0BaHUE.

19. BekTopHO-ITapamMeTpuyecKoe, MapamMeTpUIecKoe, KAaHOHWYECKOE ypaBHE-
HUE MPSIMOM Ha IUIOCKOCTH. YPAaBHEHWE MPAMON NPOXOASLIEN YEPE3 NIBE TOUKU U
ypaBHEHHUE MPSIMOI B OTpe3Kax. YpaBHEHUE MPAMOU C 3aJaHHBIM YTJIOBBIM K03 du-
LIUEHTOM.

20. OTKJIOHEHHE U PACCTOSIHUE TOYKU OT mpsiMoil. HopMalibHOE ypaBHEHHE
MPSAMOM Ha IUIOCKOCTH.

21. B3auMHOE pacIonoKeHUe NpsIMbIX HA TNIOCKOCTH.

22. YpaBHEHHE IUIOCKOCTH, NPOXOMSIIEH Yepe3 TOUKY, C 3aJaHHBIM HOpPMaJslb-
HbIM BeKTOpoM. O011ee ypaBHEHHE MIJIOCKOCTH B MPOCTPAHCTBE U €0 MCCIIEJOBAHUE.
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23. YpaBHEHHE MIOCKOCTH, IPOXOISAIIEH Yepe3 TPU TOUYKU. YPaBHEHUE ILIOC-
KOCTH B OTpPE3KaX.

24. B3auMHOE pacroyOKEeHHE TIOCKOCTEN B TPOCTPAHCTBE.

25. OTKIIOHEHHE U PACCTOSIHUE TOYKU OT IUIOCKOCTH. HopMasibHOE ypaBHEHHE
IJIOCKOCTH B MPOCTPAHCTBE.

26. BekTopHO-nIapaMeTpUYECKOe, MapaMeTpUUYecKue, KaHOHUYECKUE YpaBHE-
HUSI IPSIMOM B ITPOCTPAHCTBE. Y PaBHEHUE NPSIMOM, IPOXOIALIEN YEPE3 ABE TOUKH.

27. O0miee ypaBHEHHE TIPSAMOM B mpocTpaHcTBe. [IpuBeneHne oOmiero ypaBHe-
HUS IPAMON K KAHOHUYECKOMY BUY.

28. B3auMHOE pacIioioKeHUe IpsIMOi ¥ TIIOCKOCTH B IIPOCTPAHCTBE.

29. Marpuiisl. JInHEHHBIC Ooniepalii HaJ MaTpULIAMU.

30. Onpeaenurens n-ro nopsiiaka. Beiducinenue onpeaenurens BTOPOro U Tpe-
THETO MOPSAKA.

31. CBoiicTBa OnpeaCIUTENS.

32. AnreGpanyeckuie JOMOJHEHUS U MUHOPHI JIEMEHTOB ompeaenuTens. Teo-
peMa 0 pasyIoKEHUHU OTIPEAEIUTENS M0 3JIEMEHTaM CTPOKHU (CTOJIOLA).

33. ObpaTtHas maTpuua. Teopembl CylIeCTBOBaHUS U €JUHCTBEHHOCTH 0oOpaT-
HOW MaTPULBL.

34. O6ure NoHATUSA O CUCTEMaX JMHEHHBIX ypaBHEeHH. Pemenue cucrem me-
toqoM ["aycca.

35. Pemienue cuCTeM JIMHEMHBIX YPaBHEHUN MOCPEICTBOM MATPUYHOIO UCUYUC-
nenus v o Gpopmynam Kpamepa.

36. Panr matpunpl, ero ceorictBa. Teopema Kponekepa —Kanesu.

37. VccnenoBaHue MPOU3BOJIBHBIX CUCTEM JIMHEMHBIX YPABHECHUIA.

38. OIHOPOAHBIE CUCTEMBI JIMHEHHBIX YPABHEHUH.

39. EBKIIMI0BO TPOCTPAHCTBO.

40. Matpuiia nepexojia oT 0JHOTO 0a3uca K Apyromy 0asucy JUHEWUHOTO Mpo-
CTpaHCTBA.

41. Ilpeobpa3oBaHue KOOPJIMHAT BEKTOPA MPH MEPEXOJe OT OJHOTO Oazuca Jiu-
HEWHOTO IPOCTPAHCTBA K IPYTOMY.

42. JIunelHbI omepaTop BEKTOPHOTO MPOCTpaHCTBA. Matpuia JHHEHHOTO
onepatopa. Onepauuu Haj JUHEHHBIMU omeparopamu. OOpa3 U SAPO JUHEHHOIO
oreparopa.

43. CoOcTBEeHHBIE BEKTOPHI M1 COOCTBEHHBIE 3HAYEHUS JTMHEIHOTO onepaTopa.

44. JIuauu BrOporo nopsijaka. [lapaGona u e€ xapakTepuCTUKH.

45. Dnnunc u ero XapakTepUCTUKH.

46. I'nniepbora u e€ XxapaKTEPUCTHUKHU.



47. lTpuBenieHrE KPUBBIX BTOPOTO MOPSAIKA K KAHOHUYECKOMY BUY.

48. IToBepXHOCTH BTOPOTro MOPSIKA.

49. [lelicTBUTENBHBIC Yyncia. MOysIb JEUCTBUTEIBHOIO YHCIIA.

50. KommiekcHble uyucna. Anredpanudeckass ¢opma 3aluch KOMIUIEKCHOTO
YHCIa U OTIEPAIMH HaJlT KOMIIEKCHBIMU YUCJIAMH B TAHHOW (hOpME 3aInCH.

51. Kommuiekcuble uncna. Tpuronomerpuueckast popma 3auci KOMILIEKCHOTO
YKCIIa U OTIEPAIMH HaJl KOMIJIEKCHBIMU YUCJIAMH B TAaHHOW (hOpME 3aInCH.

52. Kommiekcusie uucna. [TokazarenpHas hopma 3ammicy KOMILDIEKCHOTO Yrcia
U OIEpalliy HaJ| KOMIUIEKCHBIMH YHCIIaMU B JaHHOUW popMe 3arucH.

53. YucnoBele nocnenoBaTenbHOCTH. CrocoObl 3a/laHUsI YUCIOBBIX IMOCIE10-
BATEJIbHOCTEM.

54. MHorounensl 1 ypaBHeHHs. OCHOBHas TeOpeMa anreophbl.

55. OrpaHH4Y€HHBIE U MOHOTOHHBIE YHCJIOBBIE MTOCIEIOBATEILHOCTH.

56. IIpenen yncaoBOM MOCIEA0BATEIIBHOCTH U €70 CBOMCTBA.

57. beckoHEYHO Majble U OECKOHEUHO OOJIBIINE YUCIOBBIE MOCIEA0BATEIBHO-
CTH U UX CBOMCTBA.

58. IlpaBuna npeaenbHOTO Nepexo/ia Jjsl YUCIOBBIX MOCIEA0BATEIbHOCTEN.

59. Ilpenen MOHOTOHHOM MOCJIEAOBATENBLHOCTU. BTOpOI 3amevaTenbHbIN Mpe-
nen.

60. Ilpenen pyHKIMU U €T0 CBOMCTBA.

61. beckoHeuHO Manble (PYHKIMM M HUX CBOMCTBA. beckoHeyHO OoJblIne
(YHKLIMH U UX CBOMCTBA.

62. [IpaBuna npenensHOTO TIepexoaa st QYHKIIUMA.

63. 3ameyartenbHbIe Ipeebl PYHKITHI.

64. Paznuunbie ompeneneHrs HENmpepbIBHOCTH (PyHKIMU B Touke. Kmaccudu-
Kalusl TOYEK pa3pbiBa.

65. IlpousBoanas ¢yHkiuu. Teopema o cBsizu auddepeHnupyeMon U Hempe-
PBIBHOM (PYHKIMU.

66. ['eoMeTprUUYECKNl CMBICTT MPOW3BOJHONW. YPaBHEHUE KACATEIbHOW M HOP-
MaJlu.

67. [Ipon3BogHasi CTENEHHOM U MOKa3aTeIbHOU (PYHKITUH.

68. [Ipon3BogHAs TPUTOHOMETPUUECKUX (DYHKITHIA.

69. [IpousBoaHas oOpatHoit GpyHkiuu. [IponsBoaHas oOpaTHO TPUTOHOMETPH-
YeCKUX QYyHKIUH.

70. IlpousBognass oOpatHoM QyHKuuu. I[lpomsBoaHas morapudmuyecKoit
GyHKIMH.



71. IlpousBoanas cnoxkHout pyHkuuu. [IpousBonnas runepbonnueckux QpyHk-
LAM.

72. OcHOBHbIE TpaBwiIa qudGepeHnpoBaHus.

73. Auddepenunan pynkiuu. Ero reomerpuueckuii CMbICT U CBOMCTBA.

74. Jlorapubmuueckoe auddepennuporanue. [IponsBonnas GpyHKIuu, 3a0aH-
HOW HESIBHO.

75. Ilpon3BoaHast GyHKIINH, 3aJaHHON TTapaMETPUISCKIM 00pa3oMm.

76. IIpon3BoAHbIE BBICHIETO MOPsAAKA. MexaHMYEeCKUH CMBICI NEPBOM U BTO-
pOU IPOU3BOTHOM.

7. Teopema Pomis u €€ reoOMETPUUECKUN CMBICIT.

78. Teopema Jlarpanxa u €€ TeOMETPUYECKANA CMBICIL.

79. Teopemsl Ko 1 €€ reoMEeTpUYECKUM CMBICII.

80. [IpaBuio Jlonurana u ero NpUMEHEHUE K PACKPBITHIO HEONIPEAEIEHHOCTEN
Pa3IUYHBIX TUIIOB.

81. ®opmymna Teistopa (MakiiopeHa) ¢ octaTouHbIM uieHOM B (hopme [leano.

82. ®opmyna Teitnopa (MakiiopeHa) ¢ ocTaTouHbIM WieHOM B (opme Jla-
rpaHxa.

83. MoHnoTtoHHble QpyHKIMH. Heobxoaumoe U 10CTaTOYHOE YCIOBUE MOHOTOH-
HOCTH (PYyHKIIUU.

84. JlokanbHbld 3KCTpeMyM (PyHKOMA onHOW mnepeMeHHON. Heobxomumoe
YCJIOBHE JOKAJIBHOTIO 3KCTPEMYyMa.

85. JlokanbHbId HSKCTpeMyM (YHKIUNU OAHOW mepeMeHHo#l. JlocTtaTouHbie
YCIJIOBHSI JIOKAJIBHOTO IKCTPEMYMA.

86. Hanbonpiee n HauMeHbIee 3HaUeHUE (DYHKIIMH Ha OTPE3KeE.

87. BBITyKJI0CTh U BOTHYTOCTh Tpaduka QpyHkiuu. JJoctatouHoe ycioBUe Bbl-
MyKJIOCTH U BOTHYTOCTH (YHKIIUU.

88. Touku meperuda rpaduka ¢pynkuuu. Heo6xoaumoe ¥ JOCTaTOYHOE YCIIO-
BHE CYIIECTBOBAHUS TOUEK MEperuoa.

89. Acumntotel rpaduka ¢yHkiuu. HeobxomuMoe M 10CTaTOYHOE YCIOBUE
CYIIIECTBOBAHMS aCUMNTOT Irpaduka QyHKIIHIH.

90. Cxema moiHOro ucciueaoBaHus GyHKIINU.

91. Bekrop-dynkuus ckansipHoro aprymenta. ['omorpad. [Ipengen u Hemnpe-
PBIBHOCTH BEKTOP-(DYHKITUU B TOUKE.

92. IlpousBoaHas BEKTOP-GYHKIIUU CKAISIPHOTO apTyMEHTa U €€ CBOICTBA.

93. BekTOpHOE M NapaMeTpUUYECKUE YPAaBHEHUS JINHUM B POCTPAHCTBE. Y paB-
HEHHUE KacaTeJIbHOM NPSAMOW U HOPMAaJbHOW IUIOCKOCTHU K IIPOCTPAHCTBEHHOU KpHU-
BOM.



IMNPAKTUKYM 110 PEHIEHUIO 3AJTAY

1 DJEMEHTBHI MATEMATHYECKOM JIOTUKA
(mpakTHyeckoe 3ansaTHE 1)

Copnepsxkanue: BbICKa3bIBaHUS;, ONEPALMKU HAJ BBICKA3bIBAHUSIMU; KOHTAKTHbBIC
CXeMbl; OyNieBbl (YHKIHUU; JJOTUYECKOE CIIEJICTBUE, METO/ J0Ka3aTelbcTBa OT Mpo-
THUBHOTO.

1.1 Teopernueckuii MaTepuaJs Mo TeMe MPAKTHYECKOI0 3aHATHUS

Onpenenenue 1.1.1 Bricka3piBaHHEM Ha3bIBACTCS JIFOOOE TTOBECTBOBATEILHOEC
MPEJIOKEHHUE, 0 KOTOPOM MOKHO CKa3aTh UCTUHHO OHO WJIH JIOKHO.

BonpocurenbHble 1 BOCKIMIATEIbHBIE TPEJIOKEHUS, a TaKKE OMPEICIICHUS
HE SBJISIOTCS BBICKA3bIBaHUSAMU. VICTUHHOCTH WM JIOXKHOCTH BBICKA3bIBAaHUS pac-
CMaTPHUBAETCA KaK €ro ICTUHHOCTHOE 3Ha4eHue. DTH 3HaueHus o0o3Havarores 1 u 0
JUISL 3HAUEHUM «UCTHHa» U «I0XKby». Jto0oe BhICKa3biBaHUE JIMOO HMCTHHHO, JIMOO
JI0’)KHO, U HMKAaKO€ BBICKA3bIBAHUE HE SIBISIETCS OJJHOBPEMEHHO MCTHUHHBIM U JIOX-
HBIM.

Ecnu cyxxnenne 00 MCTUHHOCTH BBICKA3bIBAHUSI MOXKHO TMOJIYYUTh U3 CaMOTO
BBICKA3bIBaHUS, TO TAKOE BBICKA3bIBAHWE HA3BIBACTCS SJIEMEHTAPHBIM WJIM MPOCTHIM
BbICKa3bIBaHUEM. B MpOTUBHOM ciiydae OyneM MMETh CJIOKHOE BbICKaszbiBaHue. U3
MPOCTHIX BBICKA3bIBAaHUI MOKHO OOpa30BbIBATH CIIOKHBIE BBICKA3bIBAHUS C IOMO-
IIBI0 JIOTUYECKHUX OMNEpalyii: OTPULIAHUE, KOHBIOHKIUS, TU3BIOHKIINS, UMIUTUKALIMS,
SKBUBAJICHIMS U Japyrue. VICTHHHOCTHOE 3HAUYE€HHE CII0KHOTO BBICKA3bIBAHUS 3aBU-
CUT OT UICTUHHOCTHOI'O 3HAYEHUS JIEMEHTAPHBIX BHICKA3bIBAHUM.

[Iyctb A 1 B — npou3BOJIbHBIE BHICKA3bIBAHUS, OTHOCUTEIBHO KOTOPHIX MBI
HE MpeIoiaraéM, 4To U3BECTHbI UX UCTUHHOCTHBIC 3HAYCHUSI.

Onpenenenue 1.1.2 Ompuyanuem BbICKa3bIBaHUSI A HA3BIBAETCS HOBOE BbI-
CKa3bpiBaHUE —A (YUTACTCS «HE A» WM « HEBEPHO, YTO A)»), KOTOPOE UCTUHHO TO-
r7la ¥ TOJBKO TOTa, KOT/1a BhICKa3bIBaHUE A SIBISETCS JIOKHBIM.

Onpenenenue 1.1.3 Konvronkyueti BbICKa3bIBaHUM A W B Ha3bIBaeTCsS HOBOE
BbICKa3piBaHUuE A A B (uutaercs « A u B»), KOTOpO€ UCTUHHO TOT/a U TOJIBKO TO-
r71a, Korja 00a BhICKa3bIBAHHS UCTUHHBI.

Onpenenenune 1.1.4 /Juzvronkyueri BbICKa3biBaHU A U B ‘Ha3bIBaeTCs HOBOE
BbICKa3biBaHUuE AV B (untaercs « 4 win B»), KOTOpOE UCTUHHO TOT/Ia M TOJIBKO TO-
r7a, Korjaa XoTsi Obl OJJHO U3 BbICKa3bIBaHUNU A U B UCTHUHHO.

Onpenenenue 1.1.5 Hunauxayueii ¢ TOCbUIKON A U 3aKkjir0YeHUEM B Ha3bl-
BAaETCsl HOBOE BbICKa3bIBaHue A — B (uurtaetcs «ecnu A, T0 B», Uin «uU3 BBICKA3bI-
BaHusi A cienyer B», unmu « A BAe4€T B»), KOTOpOE JIOKHO TOTAa U TOJILKO TOTJa,
KOTJIa TIOChIJIKA UCTUHHA, a 3aKJIFOUCHUE JIOKHO.

Onpenenenue 1.1.6 Dxsusanenyueii evickazvieanuti A 1 B Ha3bIBaeTCs HOBOE
BbICKa3bIiBaHUuE A <> B (uutaercs « A Toraa u TOJbKO TOrAa, Koraa B», uim « A 3K-
BHBAJICHTHO B », Wi « A HE0OXOAMMO U JOCTATOYHO JIUIS BBIKa3bIBaHUSA B »), KOTO-
pO€ UCTUHHOE TOTJa U TOJBKO TOT/Ia, KOT/Ia BhICKAa3bIiBaHUsI 4 U B NpUHUMAIOT OJIH-
HaKOBBIE ICTUHHOCTHBIE 3HAUCHUSI.
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Omnpenenenus 1.1.1—1.1.5 MmoxHo 3anucaTh B Tabiuibl ucTuHHOCTH 1.1.1.

Ta6muma 1.1.1 —Tabnuia HICTUHHHOCTH OCHOBHBIX JIOTHYECKHUX OIepaliyii

XY —X —Y XAY XvY XY XY
1 1 0 0 1 1 1 1
1 0 0 1 0 1 0 0
0 | 1 0 0 1 1 0
0 0 1 1 0 0 1 1

[TonsiTue hopMysbl JOTUKHU BBICKA3bIBAHUM OMPENEIUM CIIEAYIOIIUM 00pa3oM:

1) anemenTapHubie HOpMYIIBI (ATOMBI) ABISIOTCS (DOPMyIaMHu JIOTMKHA BBICKA3bI-
BaHUM;

2)ecm A u B — popmynsl, T0 —A, ANB, Av B, A— B, A <> B TOX¢ SBIIs-

10TCs (hOpMyTIaMU JIOTUKU BbICKa3bIBAaHUIA;

3) TONBKO T€ BBIPAKEHUS SIBISIOTCA (POpPMyJIaMH JIOTUKU BBICKA3bIBAHUH, IS
KOTOPBIX 3TO CJIEYEeT U3 EPBOTO U BTOPOTO MMYHKTOB.

Yucno ckoOoK B (opMysiax MOXKHO YMEHBILIUTb, €CIIM MPHUHSITH CIEAYIOLIUE
cornamenus: 1) Oyaem omyckaTh BHELIHIOK Mapy CKOOOK; 2) yHOPSAOYUM 3HAKHU JIO-
TMUYECKUX OIepaluii Mo CTapIIUHCTBY: <>,—>,V,A,—. [Ipy BoccTaHOBIEHNN CKOOOK
CHayaja pacCTaBJISIFOTCS BCE CKOOKU, OTHOCSINIMECS KO BCEM BXOXKJIEHHUEM 3HaKa —,
3aTeM KO BCEM BXOKICHUEM 3HAKa A U TaK Jajee.

DopMyJIbl JJOTUKU BBICKA3bIBAHUM, KOTOPHIE MPUHUMAIOT 3HAYCHUE «UCTUHHAY
IpH J000M paclpeAesIeHUH IEMEHTAPHBIX (OPMYJI, BXOASUIMX B HEE, Ha3bIBAIOTCSA
TOXI€CTBEHHO MUCTUHHOUN (hOpPMYJIOi, TABTOJIOIHEN MM 3aKOHOM JIOTMKU BBICKAa3bl-
BaHMH. 3amuch |= X 03Ha4YaeT, 4yTo Jorudeckas ¢popmymna A sBiseTcs GopMyIoun Jio-
TUKH BBICKa3bIBaHUI. @OPMYJIbI JIOTUKU BBICKA3bIBAHUM, KOTOPHIE IPUHUMAIOT 3HA-
YEHHUE <WIOXKbY» TPU JIFOOOM pacCIpeiesieHUH dJIEMEHTApHBIX (POPMYII, BXOASIINX B
He€, HA3BIBAIOTCS TOXKJECTBEHHO JIOKHOM (opMyIoi uin mpotuBopeurem. s mo-
Ka3aTeJbCTBa TOT0, 4TO (OopMyJia SIBISETCS TaBTOJIOIMEH, HEOOXOIMMO COCTAaBUTh
TaOJIMIy UCTUHHOCTHU JJ1s1 3TOU (POPMYJIBI U TTOKa3aTh, YTO BCE DJIEMEHTHI MTOCIEIHETO
CTOJIOLIA paBHBI EIUHHUIIE.

Oynkuuwo F(x, x,,..., X, ), KOTOpast MOXKET IIPUHATH OJHO U3 IBYX 3HaueHuu 0

iy 1, oT n nepeMeHHBIX, KaX1asi U3 KOTOPBIX MPUHUMAET 3TH ke 3HaueHus O wiu 1,
Ha3bIBAIOT OyJsieBoi (DyHKIHMEH OT n mepeMeHHbIX. [ moctpoeHus: OyneBoit PpyHK-
[IUY TIPUMEHSIOT KOHBIOHKTUBHYIO U IU3bIOHKTUBHYIO HOPMaJIbHYIO (OpMYy

F(x, Xy, X,)= v (xf‘1 A Xy /\.../\x,’f"),
F(x,x,...,x,)=1

rae x“ =x,ecmd =1, x* =—x, eciu a =0.
®dopmyna B Ha3bplBaeTCs JOTMYECKUM CIEACTBUEM (popmyn A4, 4,, ..., 4, , ecnn

JUTsl TF0OOT0 HAabOpa UCTUHHOCTHBIX 3HAYEHUHN AJIEMEHTAPHBIX (OPMYII, BXOSAIINX B
bopmynsl 4, A,, ..., A,, bopmyna B nomaydaer 3HaUCHHE «UCTHHA» KaXKIbli pa3, KO-

riaa kaxnaas us Gopmya A4, A,, ..., A, NOIy4aeT 3HAYEHUE KHCTUHAY.
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3anuce A4, A,,..., A, |= B o3HadaeT, uTo popMyna B — JOrn4ecKkoe ClIeACTBHUE
dopmyn A4, 4,,..., 4,.
MeTton mokazaTenbCcTBa OT MPOTHBHOTO. Tpelyercs [0Ka3aTh CJEACTBHE
B=0,

= B . Ilpeanonoxum {A Licls’ Ecnu cucrema numeer xota ObI OI-
.= 1= n
2 2

1

A,4,,...., 4,

HO pCIICHHUC, TO CICACTBHUC HCBCPHO, €CIIN peH_IeHI/Iﬁ HCT, TO CJICACTBUC BCPHO.

HpC,Z[JIO)KeHI/ISI C ICPCMCHHBIMH, NAIOIMIUC BBICKA3BIBAHHA B PC3YJILTATC 3dMCHBI
CB06OI[HBIX MNCPCMCHHBIX UX OOIIYCTUMBIMH 3HAUCHUSAMU, HA3BIBAIOTCS IIPECAUKATAMMU.
IIo JUCIy IICPCMCHHBIX, BXOIAINX B IMPCAUKAT, Pa3/IM4ar0T OAHOMCCTHBIC, OBYX-
MCCTHBIC W TaK HaJCC IPCANKATEI. I[J'I}I 34llUCH IIPCAUKATOB U BBICKA3bIBAHUM BBO-
IATCA IBAa KBAHTOpA: KBAHTOP O6H1HOCTI/I N KBAHTOP CYILICCTBOBAHUA. I[J'ISI KBAHTOpPa
CyIICCTBOBAaHUSL y1'[0Tp€6JI$I€TCH CHUMBOJ 1 , 4JI1 KBAHTOpa 06H1HOCTI/I cuMBOJI V.

1.2 IIpuMepbl pelieHUus1 TUIIOBBIX 32124
1.2.1 CoctaBuTh TaOIUIy UCTUHHOCTH AJI (DOPMYJIbI JIOTUKU BBICKA3bIBAaHUI:
AN(B—>C)>AnC.

Pemenue. [l 3ananHoi GopMyIsibl COCTaBIsIEM TaOJIUIy HCTUHHOCTH.

A B C | ANC | B>C | Ar(B—>C)| AA(B>C)<>AAC
1 1 1 1 1 1 1
1 1 0 0 0 0 1
1 0 1 1 1 1 1
0 1 1 0 1 0 1
1 0 0 0 1 | 0
0 1 0 0 0 0 1
0 0 1 0 1 0 1
0 0 0 0 1 0 1
1.2.2 Pemuth Jorudeckoe ypaBHeHUe: pVv g A—g > (g <> g)=1.
Pemenue. CocrapisieM TaOnMIy MCTUHHOCTA U BBIOMPAEM 3IIEMEHTapHbIE
HaOopel  (p;q;g), TpU  KOTOpbIX  (QopMyna  JIOTUKA = BBICKa3bIBAaHUI

pV qgA—g—(q<>g) IpUHUMAET 3HAYCHUE KUCTUHAY.
qhA—8 | PVIA—E [ 498 | pvgA—g (g g)
0 1

Q

S
i

0Q

ololoi=loi=—|—|S
QIO | OO == —
OO
—_— O == | OO =D
OO~ IOIOoIO|—
OO | == | O ==

—_— O OO = | = | DD
—t (e [ D[t [ | | D | =
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Takum oOpa3om, pemieHueM 3aJaHHOTO JIOTHYECKOTO YpPAaBHEHHS SIBIISIOTCS
3HadyeHus BbickasbpiBanuit: (1;1;1), (0;1;1), (1;0;0), (0;0;1), (0;0;0).

1.2.3 TlocTpouTh KOHTAKTHYIO CXEMY IO 3aJaHHON (YHKIUH MPOBOJIUMOCTU
AX;Y;Z): (Xv Y/\Z)/\(—lX/\Y\/—Z). YcTaHOBUTh, TIPU KaKUX Habopax jiie-
MEHTOB, BXOJISIIUX B IAaHHYIO CXEMY, OHa OyJeT paboTocmnocoOHa.

Pemenue. [locTpomM KOHTaKTHYIO CXeMy MO 3aJaHHOW (DYHKIIMH MIPOBOJIUMO-
CTH.

X —X Y

Y Z = —Z

[TpoBepum paboTOCIIOCOOHOCThH MOJIYYEHHOW KOHTAKTHOM CXEMBI, IJIs1 YETO CO-
CTaBUM TaOJIHIy HICTHHHOCTH ISl YKa3aHHOW (hOPMYIIBI.

XY | Z|-X|-Z|-XAY |YAZ| XVYAZ| -XAYVv—Z | AXY;Z)
1|11 07] 0 0 1 1 0 0
1/1/0] 0 1 0 0 1 1 1
1jo|1] 0] 0 0 0 1 0 0
0| 1|1] 1 0 1 1 1 1 1
1]0[0]| O 1 0 0 1 1 1
0|10 1 1 1 0 0 1 0
001/ 1 0 0 0 0 0 0
000 1 1 0 0 0 1 0

KontakTHass cxema paboTaeT IIpH 3aMbIKaHUU —pa3MbIKAaHUU KOHTAKTOB
X,Y,Z: (1;1;0), (0;1;1), (1;0;0). Bo Bcex ocTaibHBIX CIydasXx KOHTaKTHas cXxema

SIBJISIETCS HEPaOOTOCTIOCOOHOM.
1.2.4 [IpeacTaBuTh B SBHOM BHjI€ OyJieBY (DYHKIIHIO, 38 JaHHYIO TaOJIUIICH.

F (x5, %5 1 1 1 1 0 0 0 1

(x3x5%,) | (GLD | LLO) | (1,051 | (0;11) | (1;0;0) | (0;1;0) | (0;0;1) | (0;0;0)

Pemenue. Mcnonb3ys cBoiicTBa OyneBbIX (YHKIIMA, a UMEHHO COBEPIICHHYIO
TU3BbIOHKTUBHYIO HOpMAJIbHYIO (hopMy, mojiydaeM (HOpPMYIIbL:
F(x;5%,5%) =0 AF(x,5x,)) v (= AF(0;x,5x5));
F(Lxy;x) =, AFLx)) v (—x, AF(150;x;,));
F(0;x,;x;) = (x, AF(0;1;x5)) v (—x, AF(0;05x3))
FL1Lx) =, AFLLD) v (—x, AF(110));
F1L;0;x,) = (x; AF(L;0;1)) v (—x; A F(1;0;0)) 5
FO;Lx;) =(x; AF(0;1;1) v (—x; A F(0;1;0)) ;
F(0;0;x,) = (x; AF(0;0;1)) v (—x; A F(0;0;0)).
12




[ToxpcraBum B mosrydeHHBIC (DOPMYITHI 3HAYCHUS U3 TAOJIUIIHI.
F(0;0,x) =(x; AO) v (—ox; AD) ==
FO;Lx;) =(x AV (x5 A0) = x5
F(L0;x;) = (x5 AV (x5 A0) = x5
FLLx) =, AD) Vv (=, A =1;
F(0;,505) = (6, AX3) V (06, A1) = X, € X35
FLx;x) =, AV (—x, Ax;)=x, Vv (—sz /\x3);
F(x;5%,50) =2, A(X, V=X, AXy) V=X, A(X, € X;).
1.2.5 MeToioM OT MPOTUBHOTO IIPOBEPHUTH CIPABEIIUBOCTh JIOTHUECKOTO
cneactBust A— B, A——Bl=—A.

Pemenue. Ilpeanonoxkum ot mnpotuBHOE, TO ectb —A=0, A—>B=1 nu
A ——B =1. Pemaem nosry4eHHYIO CUCTEMY.

A=1, A=1, A=1,
1->B=1, <B=1, {B=l,
1—)—|B:1 —|B=1 B:O

Bricka3piBanne B He MOXKET OBITH OIHOBPCMCHHO MCTHHHBIM M JIOKHBIM, TO
CCTb CUCTEMA HC UMCECT PCIICHMUSI. CJ'IeI[OBaTCJ'IBHO, JIOTHYCCKOC CJICA0BAaHNC BCPHO.

1.3 3aganus 1l pelieHUs1 HA NPAKTHYECKOM 3aHATHH
1.3.1 CoctaBuTh TAOIUIBI HICTUHHOCTH JJI YKa3aHHBIX (OPMYJI:
a) XAY > Xoo-YVv(X>Y);

0) AV(B<>C)—>—(BACV A);

B) (AANB)—>(CA—-B—>Av(C).

1.3.2 PemuTh 1OTUYECKUE YPABHEHHUS:

a) (A<>BA-C)>(A4—>Bv()=1;

0) (AvC—>BAA) <> (—AAC)=0.

1.3.3 3anucate jJorudyeckue GopMyIibl Iisi KOHTAKTHBIX CXeM (PYHKITUH MTPOBO-
JUMOCTH U IPOBEPUTH X PAOOTOCTIOCOOHOCTD.

a) 4 6) A C
C
JE— B ] C 1 —\B ﬁC
~ — A M B — B
C C
| B { _4’_~__
-B
A "
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1.3.4 IlocTpouTh KOHTAKTHBIE CXEMBI M0 33JaHHBIM (QYHKIUSM MPOBOJAUMOCTH.
IIpn kakoM 3aMBIKaHUU-PA3MBIKAHWN KOHTAKTOB X,Y W Z, KOTOpBIE BXOIAT B

(GYHKIIUIO TPOBOJAMMOCTH, MPEICTABICHHON JIOTHUECKON (HOopMyIIoil, sneKTpuyecKas
1ens Oy/eT MPOBOAUTD TOK, €CITU JIoTU4YecKasi (hopMyJia CXeMbl HIMEET BU/I:

a) ((—|XVY)/\Z)\/(X/\—|Y/\Z); 0) Y/\(—|X\/(X/\(Y\/Z))).

1.3.5 [IpeacrtaButh B ABHOM Buje OysieBbl GyHKUUU F , KOTOpBIE 337aHbl B BU-
ae tabmuil. [IocTpOouTh KOHTAKTHBIE CXEMBbI, KOTOPbIE OTPaXKaloT (GOpPMYIy JIOTUKU
BBICKA3bIBaHUI, COOTBETCTBYIOIIEH IBHOMY BUAY OyneBoi (QyHKIUU.

1.3.6 IlpencraButh B IBHOM BH/JIE OyneBY (QYHKIHUIO, 3aJaHHYIO TaOJINLIEH.

a) F(x;x,) 0 1 1 0
(x3x;,) &1 | G0) | (O1) | (0;0)

) F(x;5%,5x;) 0 1 1 1 0 0 0 1

(x3x5x,) | (LLD A (1,1,0) | (1;0:1) | (0;1;1) | (1,0;0)| (0;1,0)| (0;0;1)| (0,0;0)

1.3.7 MeTonoM OT IpOTUBHOTO. IPOBEPUTH CIIPABEIIMBOCTD JIOTUYECKUX CIIE]I-
CTBHI:

a) A>B,A—C,BAC|=4; 6)4—>B,C—>B,ArC|=B;
B) A—> B,—B|=—4; r) A>B,B—>Cl=4—>C.
1.3.8 [Ipoananu3npoBaTh COPaBEIIUBOCTD CIECAYIOIIUX PACCYXKICHUM:
a)

0) ecnu 4ucio JpoOHOE, TO OHO pallMOHANBHO. Eciiu 4ncio paroHanbHoe, TO
oHO neiicTBuTeNnbHOE. CleI0BaTEIBHO, €CIIM YUCIIO IPOOHOE, TO OHO JICHCTBUTEIIh-
HOE;

B) €CJIM YUCJIO YETHOE, TO OHO JICNIUTCS Ha ABa. UYucio genutcs Ha nBa. Ciemno-
BaTeJIbHO, YHUCIIO YCTHOE;

T) ecn KOPHHU ax’ +bx+c He SBIAIOTCS KOMIIIEKCHBIMH, TO HE BEPHO, UTO
U1 T000T0 JACHCTBUTEIBHOTO X HMEET MECTO HEPaBEHCTBO a-(ax2 +bx+c)>0.

Kopnau ax® +bx+ ¢ KOMIUIEKCHBIE TOTJA U TOJBKO Toraa, korma D = b*=4ac<0.

2
Ecnu ac <0, to He BepHO, uTo D =b" —4ac <0. CnegoBatenbHo, eciu ac <0, To He
BEpPHO, YTO Il JIFOOOTO JCHCTBUTEIBHOTO X HWMEET MECTO HEpPaBEHCTBO

a-(ax2 +bx+c)>0;

1) ecmn x+3=+/3-x, TO X +6x+9=3—x, HO x*+6x+9=3—x Torma W
TOJIBKO TOT/Aa, KOTJa (x + 6)(x + 1) =0, 4TO UMEET MECTO B TOM U TOJBKO B TOM CIIy-
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yae, korga x=—-6wmwm x=—1. CrnemgoBaTenbHo, x+3=+/3—X BieueT x=—6WIH
x=-1.

1.4 3agaHus I KOHTPOJIHPYEMO caMOCTOSITEIbHOI padoThI

1.4.1 CoctaBuTh TaONUIy UCTUHHOCTH JIOTUYECKON (HDOPMYIJBI OTHOCHTEIHHO
BbicKa3biBaHu X,Y,Z: (A(X AY)>2Z)>Zv—-X.

1.4.2 Permrs norudeckoe ypasaenne X AY VX AZVY AZv (=X > Z)=1.

1.4.3 IlocTpouTh KOHTAKTHYIO CXEMY IO 3aJaHHON (YHKIUH MPOBOJIUMOCTU
((—|X vY ) NZL ) Vv (X A=Y NZ ) . IIpu kakoM 3aMbIKAHMHU-PA3MBIKAHUHW KOHTAKTOB

X,Y u Z, KoTopble BXOJAT B (DYHKIIMIO TPOBOJAUMOCTH, MPEACTABICHHON JIOTHYe-

CKoM (hopMyJI0ii, FJIeKTprUUecKas 1eMb Oy/1eT MPOBOIUTH TOK?
1.4.4 TlpencraButh B sBHOM BHje OyneBy QpyHKUMIO F , KOTOpas 3ajaHa B BU-
7€ TaOJTUIIBI

F (x5, 1 0 0 0 1 1 1 0

(x3x5x5) | (LLD [“(1150) | (LO;1) | (0;1;1) | (1;0;0) | (0;1,0) | (0;0;1) | (0;0;0)

[ToCTpOUTh KOHTAKTHYIO CXEMY, KOTOpas oTpaxaeT (hOpMysy JIOTUKUA BBICKA-
3bIBAaHUM, COOTBETCTBYIOIICH SBHOMY BUAY OyJIeBON (DyHKIUU.

1.4.5 MeTonoM OT NPOTUBHOTO MPOBEPUTH CHPABEIIMBOCTH JIOTHYECKOTO
cnenctBusi: A—>B,B—>C|=4A—>C.

1.4.6 IIpoanann3upoBaTh CHPaBEAIUBOCTh pacCyXKIeHUS: «S moiimy moMoun
WM OCTaHYCh 37IeCh W Oyay peliaTh NMOCTAaBJICHHBbIC 3a7aud. Sl He MONIYy JTOMOIl.
CrnenoBaTenbHO, 51 Oyy peniaTh OCTaBJICHHbIE 3a]aUm.

2 JJIEMEHTBI TEOPUM MHOXECTB.
(mpakTH4yeckoe 3aHATHE 2)
Coaep:xaHue: MHOXECTBO; IIyCTO€ M YHUBEPCAJIIBHOE MHOXECTBO; PABEHCTBO
MHOKECTB; ONIEPALMU HAJl MHOKECTBAMMU.

2.1 Teopernueckuii MaTepHuAaJI 1O TeMe MPAKTUYECKOI 0 3AHATHUS

[ToHsiTHE MHOXECTBa SIBJIISIETCS MEPBOHAYAIBHBIM W HeomnpeaenseMbiM. [lox
MHOJCecmeomM TIOHUMAIOT COBOKYIHOCTh OOBEKTOB WJIM MPEIMETOB, KOTOpbIE 00b-
€AMHEHBI HEKOTOPBIM OOIIUM MPU3HAKOM. ITU OOBEKTHI WM MPEIMETHI, U3 KOTOPBIX
COCTOUT MHOKECTBO, Ha3bIBAKOTCS 271eMEHMAMU MHOJICECNEA.

MHO0k€eCTBO, KOTOPOE HE COAEPKUT HU OJTHOTO DJIIEMEHTA, HAa3bIBACTCS NYCHIbIM
MHOCecmeom U 0003Ha4aeTcss CHMBOJIOM .

Bce MHOMXecCTBa JensITCsl Ha KOHEUHbIE M OECKOHEUHBIE MHOYKECTBA.

MHoxecTBa, KOTOPBIE COCTOST M3 KOHEYHOI'O YMCJIA 3JIEMEHTOB, HA3bIBAIOTCS
KOHeyHbiMU. MHOXeCTBa, KOTOpPbIE COCTOAT U3 OECKOHEYHOrO YHcCiia 3JIEMEHTOB,
Ha3bIBAIOTCS OeckoHeynvimu. Ecnmu A sBIAE€TCS KOHEYHBIM MHOKECTBOM, TO YHCIIO
€r0 AJIEMEHTOB Ha3bIBAETCSI MOIIIHOCTHIO MHOXKECTBA U 0003HAUaETCS |A|
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Onpenenenune 2.1.1 MuoxectBa A U B Ha3bIBAIOTCA pasHuIMU, €CITH JTHOO0U
AJIEMEHT MEPBOr0 MHOXKECTBA SIBJISIETCS 3JIEMEHTOM BTOPOTO MHOXKECTBa W, Ha00O-
POT, KOXKJIbII 3JIEMEHT 2-T0 MHOKECTBA SIBJISIETCS 2JIEMEHTOM NIEPBOTO MHOKECTBA.

PaBeHcTBO n1BYyX MHOXECTB 4 U B 0003Hauai0oT 4= B. PaBHble MHOXECTBA,
M0 OMNpPENENICHUI0, COCTOAT U3 OJHUX U TEX K€ AJIeMEeHTOB. s JoKa3zaTenncTBa pa-
BEHCTBA MHOXKECTB HEOOXOAMMO B3ATh JHOOOM 3JIEMEHT OJIHOIO MHOECTBA U JIOKa-
3aTh, YTO OH MPUHAIJICKUT BTOPOMY MHOKECTBY, U OOPaTHO.

Omnpenenenue 2.1.2 MHO)eCTBO A HA3bIBACTCSI HOOMHONCECHBOM MHOKECTBA
B, ecnu KaxxbIil 2JIEMEHT MHOXKECTBA A SIBIISIETCS] SJIEMEHTOM MHOXKECTBa B .

Ecau MHOXecTBO A sBIsETCS MOJAMHOXECTBOM MHOXKECTBA B, TO 3alUChIBa-
10T AC B ¥ 4YUTalOT «MHOXECTBO A SBISETCA MOJMHOXECTBOM MHOXKECTBa B »,
UM «MHOKECTBO A COJIEPKUTCS BO MHOXKECTBE B», WU « A BKIIOYEHO B MHOXKE-
CTBO B» u T. 1.

PaccmoTpum omepanmu Hajg MHOXKecTBamHu. bynem paccmaTpuBaTh BCEBO3-
MOYHBIE TMOJMHOYKECTBA OJHOTO M TOTO K€ MHOYECTBA, KOTOPOE HA3bIBAETCSI YHU-
BepcaJbHBIM U 0003Hauaercst OykBoit U nmu Q.

Onpenenenue 2.1.3 Ob6vedunenuem MHOKECTBA A U B Ha3bIBaeTCS MHOXKeE-
CcTBO AU B, cocrosiliee U3 TeX U TOJIbKO TEX 3JIEMEHTOB, KOTOPbIE MPUHAJIEKAT XO-
Ts ObI OJTHOMY W3 MHOXECTB ‘4 win B (B 4aCTHOCTH, OJTHOBPEMEHHO 000MM MHOKeE-

CTBaM): AUB:{x‘xeAvxeB}.

OObennHeHreM MHOXKECTB 4., i € N, Ha3bIBAE€TCSI MHOXKECTBO U A, , COCTOAIIEE
i

M3 T€X U TOJBKO TE€X 3JIEMEHTOB, KOTOPBIC MPUHAICKAT XOTS Obl OJJHOMY W3 MHO-
KecTB A,. B dYactHOM ciydae, OOBEAMHEHHE KOHEYHOIO YHCIA MHOXKECTB

A,4,,...,A, dynem 0003Ha4aTh E{Ai =A VAU UA, .

Onpenenenue 2.1.4 Ilepeceuenuem MHoxectBa A U B Ha3bIBaeTCs MHOXKe-
cTBO AN B, cocrosiee U3 Te€X U TOJBKO TE€X AJIEMEHTOB, KOTOPhIC MPUHAIJIECKAT

OJIHOBPEMEHHO MHOXeCTBY A U B: ANB = {x‘x eAnxe B} .

[lepeceyennemM MHOXKECTB A4, , i € N Ha3bIBA€TCsI MHOXKECTBO M A., cocrosiee
i

M3 T€X U TOJBKO T€X AJIEMEHTOB, KOTOPbIC MPUHAJIEKAT OJHOBPEMEHHO BCEM MHO-
kKectBaM 4. B uacTHOM cilydae, mepeceueHHME KOHEYHOIO 4YHCIa MHOXKECTB

4,4,,...,A, 0ynem 0003Ha4aTh QAi =ANA4N.NA,.

Onpenenenue 2.1.5 Paznocmvro MHOXKECTBA A W B Ha3bIBaeTCs MHOYECTBO
A\ B, cocrosiiee U3 T€X U TOJBKO TE€X AJEMEHTOB, KOTOPbIE MPUHAAJIEKAT MHOXE-
CTBY A W HE MpUHAISKAT MHOXKECTBY B: A\ B = {x‘x eAnx¢ B}.

Onpenenenue 2.1.6 /ononnenuem MHOXKECTBA A O YHUBEPCATILHOTO MHOXE-

cTBa (2 Ha3pIBaeTCs MHOKECTBO A =0\ A, cocTosiiee u3 TEX U TOILKO T€X IJIECMEH-
TOB, KOTOPBIE MPUHAJIEKAT YHUBEPCATLHOMY MHOXECTBY UM HE NMPUHAIJIC)KAT MHO-

KECTBY A: Z:Q\Az{x‘er/\xéA}.
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['eomeTpuuecku onepanuu HajJ MHOKECTBAMHU UHTEPIPETUPYIOTCS C OMOILBIO
nuarpamm Jitnepa-BeHHa.

Ha pucynkax 2.1.1—2.1.4 3amTpuxoBaHHbIe 00JIaCTH U300paxaroT 00bEaNHE-
HUE, IEPECECUEHUE, PA3HOCTh U JIONIOJIHEHUE IBYX MHOXKECTB, COOTBETCTBEHHO.

Pucynok 2.1.1 — O0beauHeHne

/

=S

Pucynok 2.1.3 — Pa3HocTth

Pucynok 2.1.2 — Ilepeceuenue

- Q

N

Pucynok 2.1.4 — JlonoyiHeHue

PaccmoTprm OCHOBHBIE CBOMCTBA OINEpALi HaJ MHOKECTBAMH.

DA
AuQ=Q
ANQ=4
AuAd=0Q
ANA=D
A=A
AUA=A
ANA=A4
AUB=BuUA
ANB=BNA

Au(BuUC)=(4uB)uC
AN(BNC)=(ANnB)nC

AVU(BNC)=(AuB)N(AU(0)

AN(BUC)=(ANB)u(AnC)

yCTOE MHOXXECTBO COJECPKUTCS B JIFO-
OOM MHO’KECTBC;

3aKOH MHBOJIIOIINH,

3aKOH HUJIEMIIOTEHTHOCTH OOBEANHCHHS;
UJIEMIIOTEHTHOCTh MIEPECCUCHUS;
KOMMYTAaTUBHOCTb OObCIMHEHNS,
KOMMYTAaTUBHOCTD IIEPECCUCHHS;
aCCOIMaTUBHOCTh OOBEIMHCHUS,
aCCOIMaTHBHOCTD TIEPECCUCHHUS;
TUCTPUOYTUBHOCTh OOBEIMHEHUS OTHO-
CUTEIBHO TePECeUCHMUS;
JTUCTPUOYTUBHOCTh TIEPECEYCHUS OTHO-
CHUTEIBHO OOBCIUHCHHS
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— 3aKOHBbI J€ MopraHa JJI1 MHOXKCCTB.

(AUB)=ANB
(ANnB)=AUB

2.2 [Ipumepsl pelieHUs: TUNOBBIX 3a/1a4
2.2.1 OnucaTh MEpPEUMCICHUEM BCEX 3JIEMEHTOB MHOXectBa AUB, ANB,

A\B u B\ A, eciin A:{xeR‘x2 —5x+6:0}, B:{xeR‘xz —x—2=0}.
Pemenue. 3anumem MHOKeCTBA 4 U B MepeyuCIEHUEM UX 3JEMEHTOB, IIPEI-
BAPUTEIBHO PEIINB KBAJAPaTHbIE YPABHEHUS: A = {2; 3} , B= {—1; 2}.
AUB={-1;2;3}, AnB={2}, A\B={3}, B\4={-1}.
2.2.2 Vcnonb3ys onpeieeHue paBeHCTBA MHOKECTB M ONIEPALIMK HAJ] MHOXE-
cTBamu, npoBepuTh paBeHCTBO AU (BNC)=(AU B)N (4w C) 1 nporuTIOCTPUPO-

BaTh PEIICHUE C MOMOIIBIO JUarpamMmel Jilsiepa—BeHHa.
Pemenue. Paccmorpum JBa MHOK€ECTBA M=A4A0(BNC) u

N=(AuVUB)N(AuC(C). Hano nokazath, uto M = N. ]I TOro 4ToOBI 3TH MHOXE-

CTBa OBLIU paBHBI, HEOOXOAMMO BBITIOJIHEHHUE JIBYX YCIOBHIA:
1) ecmu VxeM , 10 xeN;
2)ecmu Vxe N, 10 xe M.
[IpoBepuM BBIMOTHUMOCTH ‘yeaoBust 1). mycth xe M = AU(BNC). Toraa

BO3MOXHBI ABa ciaydyas x€A wm xe€eBNC . Ecom x€e A, To xeAUB u
xe AuC. CnenoarenbHo, xe(AUB)MN(AUC)=N. Ecnu xe BNC, 10 xX€B

n xeC. Ho Ttorma xeAuUB u xeAuC, a »53T0O O03Ha4aeT, 4YTO
xe(AUB)N(AUC)= N . Takum oOpazoM, B 000UX CIIydasiX CIIPaBEIMBO YTBEP-
JKaeHue: eciim xe M , 1o xe N.

[TpoBepuM BBITIOTHUMOCTD yclioBus 2). myctb x e N =(AUB)N (AU (). To-
rna, xe AuUB u xe AUC. Ecnu xe A, 10 xe AV(BNC)=M . Ecnim x¢ 4, 10
xe BNC,a, cienoBarenbHo, xe AU (BNC)=M .

N3 BeIMOTHUMOCTH yclioBUi 1) U 2) cneayer crpaBeITuBOCTh 33JIaHHOTO pa-
BeHCcTBAa AU (BNC)=(AUB)N(4AUC).

[TpoMIUIFOCTPUPYEM pELICHUE C TOMOIIBIO AuarpamMmsl Jilsiepa—BeHHa.

%

Huarpamma 2.2.1 — BN C Huarpamma 2.2.2 — AU (BN C)
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Huarpamma 2.2.3 — AUB Huarpamma 2.2.4 — AuC

Huarpamma 2.2.5 — (AU B)N(4AUC)

Ha nuarpamme 2.2.2 Ditnepa—Benna 3amtpruxoBanHas 00JacTh MPEACTABISIET
co0ol JIeByr0 4acTh 3ajaHHoOro paseHcTBa: AU(BNC)=(AUB)N(4UC). Ha

nuarpamme 2.2.5 Diiepa—BenHa 3amrpuxoBaHHas 00JacTh MPEACTaBISET COOOM
MpaBylo 4acTh 3agaHHoro paBeHcTBa: AU (BNC)=(AuU B)N (4w (). 3amTpuxo-

BaHHbBIE 00JIacTH Ha 00eux auarpammax Diiniepa-BeHnHa coBmanatot. CiaenoBarensHo,
YKa3aHHOE PAaBEHCTBO CIIPABEIJIMBO.

2.3 3aganus AJ4 pelieHUs HA MPAKTHYECKOM 3aHATHH
2.3.1 OnucaTe 3a1aHHBIE MHOKECTBA MEPEUUCIICHUEM CBOUX DJIEMEHTOB.

2.3.1.1 A:{xeRx2—4x+3=o}; 2.3.1.2 Az{xeR\x3—5x2—8x+12=0};

1
2313 A= {x e R|x? —9x+8£0}; 2314 A ={x eR 10g1/3— < 2};
X
2315 A={vcRlcos?3x=0}; 2316 A= {x e RN2=x = —x}.
2.3.2 N300pa3uTh Ha KOOPAUHATHOM MJIOCKOCTH CIEAYIOIHME MHOXKECTRA!
2321 x—-y<5; 2322 y<x’; 2.3.2.3 sin2x>0,5.

2.3.3 OnmcaTh MepeurciieHHeM BCeX JJIEMEHTOB MHOXectBa AUB, ANB,
A\B u B\ A, ecin A:{xeR‘x2 —3x+2=0}, B:{xeR‘x2 +x—2:O}.
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2.3.4 [1lycTp 3a1aHO HEKOTOPOE MHOXKECTBO A = {x eR|x*—4< 0} U MHOXeE-

CTBO B:{xeR|‘x‘>1}. 3alTpuxoBaTh Ha YHUCIOBOM MpPSMOMl IepecedyeHue, o0b-

eJIMHEHHE U PA3HOCTH STUX MHOKECTB.
2.3.51lyctb 4 u B — koHeuHble MHOXecTBa. Jlokasats, urto n(AUB)=

= n(A) + n(B) — n(A mB), rae n(M) — YUCJIO DJIEMEHTOB MHOXecTBa M .

2.3.6 Vicxons u3 onpeneneHus: paBeHCTBA MHOXKECTB U ONepaldid HajJ MHOXe-
CTBaMHU, IIPOBEPUTH TOXKJECTBA U MPOUJUIIOCTPUPOBATH PEIICHUE C MOMOIIbIO Jua-
rpamm Oitniepa—BeHHa.

a) AA\B=A\(ANB);

6) An(BU(ANC))=(4nB)U(ANC);
B) A\(BUC)=(4\B)N(4\C);

r) A\(BNC)=(A4\B)u(4\C);

1) A\(A\B)=ANB;

¢) BU(A\B)=A4UB.

2.4 3ajanus NI KOHTPOJHUPYEMOM CaMOCTOATEIbHO padoThI
2.4.1 Vcxons v3 onpeaesieHus. paBEHCTBA MHOKECTB U OINEPAIMN HAJl MHOXE-

CTBAMHU, MPOBEPUTH TOXKIAECTBO A M (B uC ) = (A M B) U (A NC ) , TIPOUJLITFOCTPUPO-

BaB PEIICHUE C TOMOIIBIO JuarpaMm Jiiepa—BenHa.
2.4.2 Ilyctb A —MHOXECTBO BCEX TOYEK IIOCKOCTH, OOpa3yIOIMIUX CTOPOHBI

MIPOU3BOJIBHOTO TPEYTOJIBHUKA, BIMCAHHOTO B 33JIaHHYIO0 OKPY>KHOCTh. Onucath 00b-
€AMHEHHUE U MePEeCceUeHUe BCEX TAKUX MHOXKECTB, €CIIH:

a) TPEYTrOJIbLHUKH MPOU3BOJILHBIC;

0) TpeyroabHUKU MPaBUIILHBIC,

B) TPEYTOJIbHUKHU MIPSIMOYTOJILHBIE.

3 BEKTOPBI
(mpakTH4eckoe 3aHaTHE 3)
Coaep:kaHue: BEKTOPHI; IMHCHHBIE OTIEpaIliy HaJl BEKTOPaMH.

3.1 Teopernueckuii MaTepuaJI 0 TeMe NPAKTHYECKOI0 3AaHATHS

B ecrecTBEHHBIX HayKaX pacCMaTPUBAIOT CKAIAPHbIE U 6eKMOPHblEe BETUYHHBI.
CkansipHasi BeJIMYMHA TOJHOCTBIO XapaKTEPU3yeTCs CBOUM YHMCIIOBBIM 3HAYEHUEM
(macca m, remneparypa 7 , Bpemsl ¢ U T. 11.). BekTopHas BeIMunHa XapaKTepU3yeTcs

—

CBOMM YHCJIOBBIM 3HAYEHUEM U HaIpaBJeHUEM (CKOPOCTh V , YCKOpEHHE d, cuna F
UT. I.).

Bexmop sBnsieTcss MaTeMaTUYECKOM MOJENbI0 BEKTOpHON BenuuuHbl. Cyliie-
CTBYIOT Pa3JIMYHbBIC MOJIXO0/IbI K MOHSITHIO BEKTOPA.

1. Bekxmop — HanpaBJIEHHBII OTPE3OK.
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2. Bexmop — ynopsiioueHHas TpOiKa 4ncen, KoTopasi onpeaenéHHbIM 00pa3om
npeoOpa3yeTcs Mpu Mnepexojie 0T OAHONW CUCTEMbI KOOPAMHAT K APYTOM.

3. Bexmop — onpenenéHHoe npeodpa3zoBaHUE MPOCTPAHCTBRA.

T'eomempuueckuii gexkmop —3mo Hanpasienuvlil ompe3ok. Vicxonsa us onpe-
NEJEHUS T€OMETPUYECKOTO BEKTOPA, OH XapAKTEPU3YETCs NJIMHOW U HAIPABICHUEM.
JI71s1 reOMETPUYECKOTO BEKTOPA BBOAATCSA MOHATHS PABEHCTBA, CJIOKEHUS U YMHOMXKE-

G B HUS Ha uucio. Bekrop, Hampumep AB, n3zoOpaxaercs
/ HaIlpaBJIEHHbIM OTPE3KOM CO CTPEIKOH, rae Touka A —

A —
HayaJlo BEKTopa AB (Touka MpUIIOKEHHS BEKTOpA), a TOU-

Ka B — KOHeIl 3TOro BekTopa (pucyHok 3.1.1).
Pucynok 3.1.1 BekTopbl MoryT 0003Ha4yaThCsi MalbIMU OyKBaMu

JaTUHCKOTO andasura: d,b,¢ W T. 1.
PaccrosiHEe MeXTy Ha4aJloM W KOHIIOM BEKTOpa Ha3bIBACTCS OIUHOU BEKMOPA

WJIM MOJTyJIEM BEKTOpa U 0003HaYaeTcs, HarpuMmep, s BeKTopa AB — ‘AB‘.

—

R \q Bektopel @ U b Ha3bIBAIOTCA COHA-
a d AN T
npasnennvivu 1 0603Havarores d 1T b, ec-
/: R JM OHU UMEIOT OJTHO M TO K€ HaIPaBIICHHE.
b c

Bektopel ¢ U d Ha3bIBAIOTCS NPOMUBONO-
PI/IcyHOK 3.1.2 — COHaHpaBHeHHOCTB JIOJCHO HanpaejieHHbiMu N 0003HaYarI0TCs

¢ N d, ecitu oHH HUMEIOT NMPOTHBOIIONOK-
HbIE HarpaBlieHus (pUCyHoOK 3.1.2).

/lea eekmopa nazviearomcs pagHbIMiU, €CIIM OHU UMEIOT OJUHAKOBBIC JUTMHBI U

SIBJISIFOTCS] COHAITPaBJICHHBIMU.
i=bolal=|b|xalls.

CnenoBaTesibHO, BEKTOPbI MOXKHO MEPEHOCUTH B HPOCTPAHCTBE, MapajuiebHO
cebe, TOATOMY BEKTOPHBI SABISIOTCA c80000HbIMU. CBOOOIHBINH BEKTOP — 3TO MHOME-
CTBO BCEX HAMPABJICHHBIX OTPE3KOB, PABHBIX MEXKAY COOOII.

Hynesvim BEKTOPOM O HA3bIBAECTCS BEKTOP, HAUaJI0 U KOHEIl KOTOPOTro, COBIa-
naroT. JlnmHa HyJeBoro BeKTopa paBHa HyJo. HampaBieHue HyJIeBOW BEKTOpP HE
nMeeT. BekTop Ha3bIBaCTCS eOUHUYHBIM WIIH OPpMOM, €CITU JIJINHA €r0 paBHA €IUHUIIE.

BekTopbl Ha3bIBAIOTCS KOAIUHEAPHBLIMU, €CIU OHH JIEKAT HA OAHON MPAMOM
WM Ha TapauieNIbHBIX MPSMbIX. BEKTOpBI HA3BIBAIOTCS KOMWIAHAPHLIMU, ©CITA OHU
JIe)KAT B OJHOM IIJIOCKOCTH WJIU B MapaslICIbHbBIX IIJIOCKOCTSIX.

PaccMoTpuMm nuHElHbBIE oniepauyy HaJl BEKTOPaMH.

Cnoocenue eexmopos. Ilpa-
a b BUNI0 MPEY2ONbHUKA: CYMMOU 08X

Sy
Q)

6eKkmopo8 a W b Ha3bIBaeTcs Tpe-

- TUM BEKTOP, pAaBHBIA BEKTOPY

¢=d+b, KOTOPBI COCAMHSET

Pucynok 3.1.3 — IIpaBuiio TpeyroyibHuKa Hayajo BEKTOpa d W KOHEIl BEKTOpa
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—

b , mpUu€M HavaJIo BEKTOpa b COBIAMAET C KOHIIOM BekTOopa @ (pucyHok 3.1.3).

lIpasuno napannenocpamma: cymmoii 08yx 6ekmopoé a M b Ha3bIBaeTCs Tpe-
TAA BEKTOP, PAaBHBIM BEKTOPY

d . .
- 4 5 C=d+b, KOTOpBIN SBISIETCA
b - IUaroHAJIBIO MapajljiesorpaMma,
b NOCTPOEHHOT'O Ha 3THX BEKTO-

Pucynok 3.1.4 — IIpaBuio napasnieaorpamma pax ¥ UMEIOIIUNA ¢ HUMHU 0011Iee
Hayajo (pucyHok 3.1.4).
Ymnoorcenue sexmopa na uwucno. Ilpouszsedenuem OeticmeumenvpHo2o yucia

O Ha HeHyNesol 8eKmop d HA3bIBAETCS BEKTOP ¢ a, KOTOPBIN yIOBJIETBOPSIET Clie-
IOYIOIIHMM YCIOBUSIM:

; 2)%TT§,CCJ’II/I0(>O;

1) ‘aa‘:|a|-|d

3) aa™Na,ecim a<0; 4) aa=o0,ecmn a=0.

Ecnun |a| >1, TO YMHOXCHHE BEKTOpa Ha YHCIO COOTBETCTBYET PACTSIKEHUIO
BEKTOpa d B |a| pa3. Ecin |a| <1, To YMHO)KEHHE BEKTOpa Ha YUCJIO COOTBETCTBYET

cxkaTHIo Bektopa d B 1/|a| pas.

Bexmop —a =—1-a Ha3pIBaeTcs BEKTOp, MPOTUBOIOIOKHBII BEKTOPY d . DTH
BEKTOpa MMEIOT paBHbIE JIMHBI M IPOTUBOIOJIOKHBIE HaNpaBieHUs. Pasznocmvio

08YX 6eKmMopo8 d N b Ha3bIBaeTCs BEKTOp d — b, paBHBIN cymMe d + (—b).

PaCCMOTpI/IM IIPOCTPAaHCTBO V I'COMCTPHUCCKHUX BCKTOPOB. BGKTOpLI, IIpuHan-
JeKalmue JaHHOMY ITPOCTPAaHCTBY, C BBCACHHBIMU BBLIIIC JIMHEHHBIMU oncpanusamMuy,
O4Y€BHIHO, O6J'IaI[aIOT clIeayromumn CBOMCTBAMM:

V) Va,beV, a+b=b+a;

2) Va,b,ceV, a+(b+c)=(a+b)+c;
) VaeV,I6eV, d+o=a:

4y VaeV,3I(-a)eV, a+(-d)=0;
SyVaeV, l-di=d;

6) VaeV,Va,feR, (a-p)-d=a-(B-d);
T)VaeV,Va,feR, (a+p)-d=a-a
8) Va,beV,VaeR, a-(i+b)=a-di+a-

N —

S

3.2 IIpumepsl penieHrsi THNOBBIX 32/1a4
3.2.1 {aub1 BekTops d, b, ¢ (pucynok 3.2.1 a). M3o0pa3uth Ha 4epTexe ux

JUHEHHYI0 KOMOMHALMIO 2d — %5 + %E.
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Pemenue. BeiOnpaeM Ha MIIOCKOCTH NMPOU3BOJIBHYIO TOUKY A M OTKIIAJbIBAEM

OT He€ BEKTOp 2d = AB, KOTOPBII COBIAJAET MO HAIPABICHUIO C BEKTOPOM d M
UMEET JJIMHY B JIBa pa3a 0oJiblie, 4eM 3ToT BekTop (pucyHok 3.2.1 6). Ot Touku B

S 1 - -

OTKJIaZbIBaeM BekTOp BC = _Eb , KOTOPBIN 110 JUIMHE B JBA pa3a MEHbILE BEKTOpa b

U NIPOTHUBOIIOJIOKEH €My 10 HAIPaBICHUIO. 3aTEM OT IIOJIy4eHHON Touku C CTpoUM
1. . . B

BekTop CD = gc , KOTOPBIX 110 JUIMHE PaBEH OJHOU TPETHU BEKTOpPA ¢ U UMEET C HUM

o 1~ 1.
OHO HampaBlieHue. Vickomass nuHelHas KOMOMHAIUS BEKTOPOB 2a—5b +—c

(O8]

n300paxkaercsa BEKTOpOM AD =d, KOTOpBIA 3aMBIKaeT MOJYYEHHYIO JIOMAaHYIO,
Hayajgo KOTOPOM HaxXOJWTCS B Hayaje BEKTOpa 2d, TO €CTh B TOUKE A, a KOHEI B

1.
KOHIIE BEKTOpA gc , 4, CIIeJIOBaTeNIbHO, B Touke D (pucyHok 3.2.1 0).

a) a 6) 1
—c
_b/ 3 B
¢ 2a
b
A
Pucynok 3.2.1 CymmMma BEKTOpOB ., 51

3.2.2 B paBHOOenpenHo# tpaneuuu ABCD Ha ctopoHe ocHoBaHus BC B3siTa

Touka M , KOTOpas JEJIUT 3TO OCHOBAaHHE B OTHOH_ICHI/II/I‘BM HMC ‘ =5:1. bokoBas
cropoHa CD penutcs TOUkOM N B OTHOIICHUU ‘CN HND‘ =1:3. OcHOBaHueE BBLICO-

Tel BK nenut otpe3ok AD B OTHOIIEHUU ‘ﬂ(HFD‘zI:T Bripaszuts BekTOp MN

yepe3 BEKTOPBI AD=d u AB=b.
Pemenne.  M3oOpasum  Tpamenuro

B C ABCD c yka3zaHneM HEOOXOJAMMBIX BEKTOPOB

(pucynok 3.2.2) . Beipazum BeKTOp MN de-

N pe3 BeKTopbl AD=a u AB=b, WCTIOJIb3YS

b
y K 3 p MpaBUia CJIOXKEHUSI BEKTOPOB M YMHOKECHUE

a BCKTOpa Ha ﬂeﬁCTBHTeHBHOG qHuCJo0.

Pucynok 3.2.2 — Tpanernus VN = MC + CN = éBC N iCD _
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S e ]l 1 —

= AD+1-(C73+ﬂ+ﬂ)):—AD——BC——AB+lE:
4 8 4 4 4

0| N

1
6
S Lo Yy up tup-3s_ 15
8 4 8 4 16 4 16 4

3.2.3 3agan napaynenenunen ABCDABCD,. BpIpasurb Yepe3 BEKTOPBI
TAlzﬁ, AB=b, AD=¢ BekTOpHI MN u CTK, rie M u N — cepeaunsl pédep
FQ u BC,a K —touxa repecevueHrs MeMan Tpeyrojapanka BCD.

Pemenue. Ilocrpoum mapamnenenunen ABCDA B,CD,. ¢ ykazaHuem Heo0Xo-
JTMMBIX BEKTOPOB (pUCyHOK 3.2.3).
BrIpa3uM BEKTOPEI MN u a{qepes.

_—

BEKTOpbl  AA =a, AB=b wm

AD = ¢, ucnonb3ys npaBuia CIOKe-

HHA BCKTOPOB U YMHOXKCHHC BCKTOpPA
Ha IIGﬁCTBPITCJIBHOG qucCiao. HaXOIII/IM

BEKTOP MN
MN =MD + DA+ AB + BN =

:%@—E+E+%ﬁ:

:%ﬂ—ﬂﬁA—'BJr%ﬂ):

l— —

:——AA1+AB—1E=
2 2

— 1. -~ 1.
Pucynok 3.2.3 — Ilapamnenenunen —  CGi+bh-—C.

_ —

Paznoxum Bekrop C,K 10 3aJaHHBIM BEKTOPaM BEKTOPBI d, b U C .
CIK:C1C+CK:A1A+§CO:—AA1 %%Qz—ﬂ—%ﬂrz

— A4 ~(4B+ AD)=~AA ~~ AB~~ AD=-a- b~ %¢.
3 3 3 3 3

3.3 3aganus A pelieHUs HA NPAKTHYECKOM 3aHATHH
3.3.1 [1o naHHBIM BEKTOpaM d U b MOCTPOUTH UX JIMHEHHBIE KOMOUHAILINU: - Q)
3d—2b; 6) 2a+15; B) Lil3p
2 2 2
3.3.2 B napamnenorpamme ABCD 3a1aHbl BEKTOPBI AB = pu AD = g - Beipa-
3UTh Y€PE3 p U ¢ BEKTOPHI (TA, @, OC u OD, tne O —Touka MePECCUCHUS TUaro-
HaJIEW mapasuiesiorpaMmma.
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3.3.3 Tpu BekTOpa AB=¢,BC=a,CA=b sBistorcs CTOPOHAMH TPEYIrOJIb-

HUKa. Beipazute Menuansl TpeyroiapHuka AM, BN u CK 4yepe3 BEKTOpHl d,b,C .

Haitrtu cymmy BektopoB AM + BN +CK .

3.3.4 B tpeyronbHuke 3agaun 3.3.3 BbIpa3UTh BCE MEIUAHBI YEPE3 JBA BEKTO-
pa:awuc.

3.3.5 Cropona AB tpeyronbHuka ABC pa3zneneHa Ha MATh PABHBIX YacTeu, U
Bce TOUKH nenenus K, L, M, N coenuHEeHbI ¢ mpoTuBoJexaie sepmmuaon C. O6o-
3HAYUB CTOPOHBI TPEYTOJIbHUKA AC= pu AB = g , HAWUTHU BBIPAXXEHUS 11 BEKTOPOB
AK, AL, AM, AN .

3.3.6 Tpu BekToOpa AB=¢,BC=ad,CA=b sBusiorcs CTOPOHAMH TPEYTOJb-
HuKka. HailTl BEKTOPBI, COOTBETCTBEHHO KOJUIMHEAPHBIE OUCCEKTPHUCAM YTJIOB 3TOrO
TPEYTOJIbHHKA.

3.3.7 B pomb6e ABCD 3anmanHpl quaroHain AC=m n BD=ji. Pasnoxurs 1o
ATUM JIByM BEKTOPAM BCE BEKTOPHI, COBMAAAIOIINE CO CTOPOHAMHU poMoOa: AB, BC,

CD u DA.
3.3.8 B paBHoGenpennoit tpaneuuu ABCD uW3BECTHO HIKHEE OCHOBaHUE

AB =1, GokoBast CTOpPOHA AD=ji u yron mMexay HuMu ZA =60°. Pa3nosxkuTs mo 7
U 1 BCE BEKTOPbI, COCTABISIONINE OCTAIBHBIE CTOPOHBI U AUATOHAIIA 3aJIaHHOUN Tpa-
nenuu ABCD.

3.3.9 B npaBwibHOM miectuyronbHuke ABCDEF naHbl BEKTOPBI AB=d u
BC=h. Bripazuts uepes a u b BekTopsl DE , EF, AC, AD, CD, }fTA, ﬁ?, FD
u AE .

3.3.10 Ha Tpé€x HEKOMIUIaHAPHBIX BEKTOpAX AB=d, AD=b u ﬂ =C TO-

crpoeH napamenorpaMMm ABCDA B,C D, . Belpa3uts uepe3 d,b U ¢ BEKTOPBI, COB-

MaJarolue CO BCEMH OCTAIbHBIMU PEOpaM, MUArOHANSMHM M JUArOHAJIsIMU TpaHeu
JTOr0 MapaJuIeIICIINIE A,

3.3.11 Kakoit 0cOOEHHOCTHIO JTOJKHBI 00J1a71aTh BEKTOPBL @ ‘U b , 4TOOBI UMe-
JIO MECTO COOTHOIIICHHUE:

1) |a+b|=|a-b|; 2) |a+b|=ld|+|p|; 3) |a+b|=|a|-|b|; 4)|a=b|=|a]+]p|
3.3.12 B terpasnpe ABCD nanbl péOpa, BBIXOIAIIUE W3 BEPUIUHBI A :

AB=m, AC=n u AD = p. Beipa3uTh 4yepe3 3aJlaHHbIE BEKTOPHI OCTaJIbHbIE PEOpa

TETpa’Apa, MEIUAHy DM rpanu BCD u BeKTOp AL, rme L — LIEHTP TSKECTH I'PaAHU
BCD.

3.3.13 IIycte M — TOYKa nepeceueHus MeauaH TpeyroibHuka ABC, a O —
MIPOU3BOJIbHAS TOYKA MPOCTPAHCTBA, HE JIeXkallas B IIIOCKOCTH TPEyroyibHUKa. Beipa-

3UTh BEKTOp OM u DE yepe3 BEKTOPHI @, @, Wf, rne D u E — cepeauHbl
BeKTOpOB OA u BC, COOTBETCTBEHHO.
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3.4 3axanus AJ151 KOHTPOJIUPYEMOil CAMOCTOATEIbHOM PadoThI

3.4.1 Tpu BekTOpa AB=ad, AD=b, H = SBIAIOTCS péOpaMul mapavieenu-
nena ABCDABCD,. Touxu E,F,G,H,I,J,L,M, N,P,Q — cepenusbsl p&odep
AB, BC,CD, AD, AA,, BB,, CC,, DD,, AB,, BC,,C,\D, n 4D,, coorBerctBenHo. Tou-
ki O n O, ABIAIOTCS, COOTBETCTBEHHO, TOYKAMH IIEPECEUCHHs NUArOHaIey mapail-
nenorpaMMoB ABCD n A B,C.D,. Touku R, S,T u U — TOYKH IlepecedeHUst MeIMaH

TpeyroyibHukoB ABD, BCD, A B,C,, AD,C,, coOTBETCTBEHHO. BrIipasuts uepes d,b
U C YKa3aHHbBIE BEKTOPBIL.

3.4.1.1  EQ,MS. 34.12 EP,MR. 34.13  EN,NS.
3.4.1.4 FM,NR. 34.1.5 FO,PS. 3.4.1.6 FP,PR.
34.1.7 GM,LS. 34.1.8 GN,LR. 3419 GO,LT.
3.4.1.10 HM,LU. 3.4.1.11 HN,KS. 3.4.1.12 HP,KR.
3.4.1.13 IP,KT. 3.4.1.14 JO,KU. 3.4.1.15 KO, JR.
3.4.1.16 LN, JR. 3.4.1.17 OM,JT. 3.4.1.18 ON, JU.
3.4.1.19 OP,IS. 3.4.1.20 00, IR. 3.4.1.21 IF,IT.
3.4.1.22 IG,1U. 3.4.1.23 JH,HT. 3.4.1.24 JG, HU.
3.4.1.25 KH,GT. 3.4.1.26 KE,GU. 3.4.1.27 LE, FT.
3.4.1.28 LF,FU. 3.4.1.29 IN,ET. 3.4.130 JO,EU.

4 JJEKAPTOBASA CUCTEMA KOOPAUHAT
(mpakTH4eckoe 3anstue 4)

Conepskanue: JNMHENHAas 3aBUCUMOCTb U JIMHEWHAS] HE3aBUCUMOCTh BEKTOPOB;
0a3uc Ha MJIOCKOCTH M B TPEXMEPHOM MPOCTPAHCTBE, EKapTOBasi CUCTEMa KOOPIU-
HaT Ha TJIOCKOCTHU U B IPOCTPAHCTBE, KOOPJMHATHI BEKTOPA, JJIMHA BEKTOpA, HAIIPaB-
JISIFOIINE KOCUHYCHI.

4.1 Teopernueckuii MaTepuaJi Mo TeMe NPAKTHYECKOr0 3aHATHS

—_ — —_—

PaccmoTtpum cucreMy BEKTOPOB X, X, , ...,X, JIMHEHHOrO IPOCTpaHCTBA L .

JIuHeliHON KOMOUHAIMENH BEKTOPOB X, X, , ...,X, HA3bIBAETCS BbIPAKEHUE BHUJA!
—_— —_— —_— n —_—
ax, +ax, ot a,x, =Y ax

i
i=1

,Tne a, eRmi=Ln.

—_— — —_—

Omnpenesenue 4.1.1 Cucrema BEKTOpOB X,, X,, ...,X, JIAHEWHOI'O POCTPAHCTBA
L HasbpIBaeTCA JUHEUHO-3A6UCUMOU, ECITU CYLIECTBYIOT TaKUE YUCIA ,,Q,,...,&, , IO

KpaiiHeil Mepe, 0JIHO U3 KOTOPHIX OTJIHYHO OT HYJIs (af tal+..tal # O), YTO JIU-

—

HEiHas KOMOMHAIMs 9TUX BEKTOPOB paBHA HYIIO «, X, +...+«a,x, =0. Eciu paBen-
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CTBO HYJIIO JTUHEHHONW KOMOMHALIUK BBITIOJTHSETCS TOJBKO MPHU HYJIEBBIX KO3PPHIIH-

—_— — —

entax (@, =a, =...=a, =0), TO cuCTeMa BEKTOPOB X,, X, ,...,X, HA3BIBACTCS JuHeli-

HO-He3a8UCUMOL.

Teopema 4.1.1 /IBa HEHYJIEBBIX FEOMETPUUECKUX BEKTOPA ABIISAIOTCS JIMHEHHO-
3aBHCHMBIMU TOI'/Ia U TOJBKO TOI'/IA, KOTJa OHU KOJIJIMHEAPHBIE.

Teopema 4.1.2 Tpu HEeHyJIEBbIX TEOMETPUUECKUX BEKTOPA SBJISAIOTCS JIMHEHHO-
3aBUCUMBIMH TOTAA U TOJIBKO TOI/IA, KOTJa OHU KOMILIAHAPHBIE.

Teopema 4.1.3 JItoOble 4yeTbIlpe reOMETPUUECKUX BEKTOpPA TPEXMEPHOIO IPO-
CTPAHCTBA SBJISIOTCS JIMHEHHO-3aBUCUMBIMU BEKTOPaMH.

J[t000i1 reoMeTpUUECKUil BEKTOP MOYKHO Pa3JIOKHUTh MO TPEM HEKOMIUIAHAP-
HBIM BEKTOpaM.

Omnpeaenenue 4.1.2 bazucom ITUHEWHOrO MPOCTPAaHCTBA L, pasMEPHOCTU 7
HA3bIBACTCS JI00asi yopsI0UeHHAss COBOKYITHOCTh 7 JIMHEHHO-HE3aBUCHUMBIX BEKTO-
POB 3TOT0 MPOCTPAHCTBA.

Ba3ucoM JIMHEHHOTO MpOCTpaHcTBa V'’ sBiseTcs mobas COBOKYIIHOCTH TPEX
HEKOMIUTaHApHBIX BEKTOpoB. Haunbonee 4acTto HMCHOIB3YIOT OPTOHOPMHUPOBAHHBIM

6a3uc. OpTOHOPMHUPOBAHHBIN Oa3uc B = {f,],k} COCTOMUT U3 TPEX B3aMMHO OpPTOIO-

HaJbHBIX €IMHUYHBIX BEKTOPOB: i L j Lk u ‘i‘z‘ j‘z‘ k‘zl. JIroboil BekTOp a

PasIOKUM 110 GasUCHBIM BEKTOpaM i,k : d=ai +a,j+ ak , rae a.a,,a, — Ko-
OpAMHATHI BEKTOpa d B JaHHOM OPTOHOPMUPOBaHHOM Oa3uce. KoopanHatel BeKTOopa
MPEJICTaBIISIIOT MPOEKIUI0 BEKTOPAa Ha COOTBETCTBYIOLIME Oa3MCHbIE BEKTOpHI. JlJis
TOTO YTOOBI CIIOKUThH JBAa BEKTOPa, HEOOXOJUMO CIOXKHUTh COOTBETCTBYIOLIUE KOOP-
JAUHATBI. Y MHOKEHUE BEKTOpa HA YMCIIO O3HAYAET YMHOXKEHHE KaXKA0W KOOPAUHATHI
Ha 3TO YHUCIIO.

Ba3ucom IMHENHOro mpocTpaHcTBa V2 sBisercs mr00as COBOKYIIHOCTh IBYX
HEKOJUIMHEApHbIX BeKTOpoB. Hambonee yacTo MCHONB3yeTcs OpTOHOPMUPOBAHHBIN

06asuc B ={i . J }, KOTOPBIM COCTOUT U3 JIBYX B3aMMHO OPTOIOHAJIBHBIX €IWHUYHBIX

BEKTOpOB: I L j H ‘ i ‘ :‘ j‘ =1. JIroO0¥ BEKTOp d pa3iokuM MO 0a3UCHBIM BEKTOpaM

- —

l,j: a=al + ay] , TAC a,, Cly — KOOpAWHATLEI BECKTOPpAa a B AAHHOM OPTOHOPMHPO-

BaHHOM Oasuce. CIoKeHHe U YMHOXKEHUE BEKTOpa Ha CKaJIsip BBOJAUTCS aHAJOTUYHO,

y 0 KaK M JUIs IMHEHHOro NpoCTpaHcTBa V> .
Jlexapmosoii cucmemotl KOOpOUHam
v v Ha TUIOCKOCTH Ha3bIBAE€TCS COBOKYITHOCTD
TOYKH W JIIOOBIX JBYX HEKOJUTMHEAPHBIX
7o BeKTOpoB. Hambomnee dwacTto HCHOIB3yeTCS
> >  TPSIMOYTOJIbHAs JEKapTOBas CHCTeMa KOOp-
o i x X  gunar — {0,7,]}. B npocrpancree R* mps-
Pucynok 4.1.1 — Cucrema MOYIOjbHas JEKapToBas CHCTEMa KOOpIU-
KOOPAMHAT Ha TIOCKOCTH HaT TPEACTaBiIseT COOOM COBOKYITHOCTD
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B3aMMHO NepneHAUKYIApHbIX oce OX u OY , KOTOpbIe HA3bIBAKOTCA OCAMU KOOD-
ounam, u Touku O — Hauano koopounam (pucyHok 4.1.1). EnuHUYHBIE BEKTOPHI
i ¥ j, HampaBleHHBlE BAONL oceil OX m OY COOTBETCTBEHHO, OOPAa3yIOT HPAMO-
yrojibHbld 0azuc. JIro0oil Touke M(x;y) B JEKApTOBOM CHUCTEME KOOpPJIUHAT OyaeT
COOTBETCTBOBATh BEKTOpP 7, KOTOPBIA Ha3bIBa€TCA paouyc-BeKTopoM. OH HMeEeT Te
e KOOpAHMHATHI, UTO U Touka M . Takum oOpazom, 000U paiyc-BEKTOP MOXKHO

eIMHCTBEHHBIM 00Pa30M Pa3JI0KHTh MO Oa3UCHBIM BEKTOpAM: 7 = Xi + )] .

AHaOrMYHO BBOJUTCS JEKAPTOBAsi CUCTEMA KOOPAMHAT B MPOCTPAHCTBE, KaK
COBOKYITHOCTb TOYKHM U JIIOOBIX TPEX HEKOMIUIAHAPHBIX BeKTOpoB. Hamnbonee yacto
UCIIOJIB3YETCs IIPSIMOYTOJIBHAS IEKAPTOBAsk CUCTEMAa KOOPAUHAT — {O,f,],E } B mpo-
A cTpaHcTBe R NpsAMOYroibHas eKapToBas

CUCTEMA KOOPJMHAT IPECTaBIsIET CO0O0M co-
BOKYITHOCTb B3aHMHO MEPHEHANKYJISIPHBIX
X ocen OX,0Y n OZ, KOTOpBIE HA3BIBAKOTCS

Z

Z s

N\ ocamu koopournam, u Touku O — Hauano Ko-
opduﬂam (pucynok 4.1.2). EnuHudHbIe BEK-

Y

TOpHI i, ¥ k, HAIpaBIeHHBIC BIONb OCEil

Y, OX,0YuOZ COOTBETCTBEHHO, O0Opa3yIOT

/Y. npsamoyrompHslii  Gasuc. JI06oi  Touke
/ M (x;y;z)B CUCTEME KOOpAMHAT OYyJEeT COOT-

X frmmmmmmmnmme BETCTBOBATh CAMHCTBEHHBIN BEKTOP 7, KOTO-
v PBIN Ha3BIBACTCS pAOU)C-8eKMOPOM, C TEMU
e KOOpAWHATAMH, YTO W Touka M . Takum
o0paszom, Jt000M paauyC-BEKTOpP MOKHO
€IMHCTBEHHBIM 00pa3oM pasJIokKUTh MO Oa-

Pucynok 4.1.2 — Cucrema
KOOPIMHAT B TPOCTPAHCTBE

3UCHBIM BEKTOpaM: ¥ =Xxi + )j + zk .
IIpoexyueii 6exmopa G Ha BEKTOp b HA3bIBAETCS YUCIO Np,d = ‘EZ‘ : cos(&;b).

Koopaunatel BekTopa 7 = xi + )j + zk B IpsIMOYTOJIbHOM 0a3uce COBIAIAIOT C

NPOEKLMAMHU BEKTOpA 7 Ha Ga3HCHBIE OPTHI i, j, k COOTBETCTBEHHO, 4 JUINHA BEKTO-

Fl =[x 37+ 22 (4.1.1)

Ecim M, (xl; yl;zl) uM, (xz; yz;zz) — IMPOU3BOJILHBIE TOYKH IIPOCTPAHCTBA, TO

pa 7 paBHa

KOOpAUHATEI BekTopa M M, paBHbI
Mle=(x2—x1;y2—yl;zz—zl). (4.1.2)
Orcrona Ha ocHoBaHuH (4.1.1) paccTosiHUE MEX Yy TOUKaMH BbIpaxaeTcs: (hopmyioit
p(Mn Mz) = ‘Mle‘ = \/(xz _x1)2 +(, _y1)2 +(z, _Z1)2 - (4.1.3)
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[V

Ecnu touka M (x;y;z) aenut orpesok M, M, B OTHOuICHHH A = , TO €&
M
KOOP/IMHATBI ONPEIEIAIOTCS 110 HOpMyIIam
:x1+lx2;y:yl+/1y2;zzzl+izz. (4.14)
1+4 1+4 1+4

B wactHOM ciydae, eciu Touka M JENHT yKa3aHHBIA OTPE30K IMOMOJaM, TO
ectb A =1, popmynsl (4.1.4) npuHUMAIOT BU]T
AN Nt _Aats

X = H
2 YT ) 2

Kpome nuHelHbIX omnepanuii HaJ BEKTOPaMH BBOJSTCS U APYTHe HETUHEHHBIC
onepauuu. Ilpu paccmMoTpeHun 3THX ornepanuii He0OXOJUMO BBECTH MOHATHS MaT-
PUIL U OIIpeeNIUTENICH BTOPOro U TPETHETO MOPSIIKOB, a TAKIKE METO/IbI PEIICHUS CU-
CTEM alredpandyecKux ypaBHEHUH.

Mampuyeu pazmepnocmu 2 x 2 Ha3zbIBaeTcs TabJIWIIA YUCEI, COACpIKaIas JIBe
CTPOKH M JIBa CTOJOIIA.

Onpedenumenem 8mopoco nopsioka Ha3bIBAETCA YUCIIO |A| =det 4, BrIunCIsAC-

(4.1.5)

>

Moe 1o dhopmyiie
4] = =a-d-b-c. (4.1.6)
c d

Mampuyeii pazmeprocmu 3 x 3 Ha3bIBaeTCs TaOJIMIA YUCEII, COACPIKAIasl TPU
CTPOKH U TPH CTOJOIIA.
Onpedenumenem mpemve2o nopsiOKa Ha3bIBAETCS YUCIO \A

bopmyie

, BBIYHCIIACMOC I10

4 a, 4
b2 b3 bl b3 bl bZ
‘A‘ =\b, b, bi|=gq, —-a, +a, , (4.1.7)
G 4G G G G G
G 6 G
WIN
q a4, a
|4|=|b, b, b|=abc,+abc, +abc, —ab,c, —abc, —abg,. (4.1.8)
¢ C G

Merton Beruuciienus onpeaenuTens no ¢opmysne (4.1.8) Ha3bIBaeTCs «IpPaBU-
JIOM TPEYTOJIbHUKA»: CO 3HAKOM «1» BbIOMpAEM MPOU3BEACHHUE AIEMEHTOB, CTOSHIMX
Ha [JIABHOM JHMAroHalld, U MPOU3BEICHHUE dJIEMEHTOB, 00pa3yIOIIUX paBHOOEIPEHHBIC
TPEYTOJBbHUKN C OCHOBAHUSIMU, MapaJIJICIbHBIMU TJIABHON JUATOHAJIM; CO 3HAKOM «—»
BBIOMPAEM TPOW3BEACHUE AJIIEMEHTOB, CTOAIIMX HA MOOOYHOUN AMAroHAIH, U MPOU3-
BEJICHUE DJIEMEHTOB, 00Pa3yIOIIuX PaBHOOEIPEHHBIE TPEYTOJbHUKN ¢ OCHOBAHUSIMH,
napauieIbHBIMH ITOOOYHOM TUarOHAIIH.

29



PaccMoTpuM OfMH W3 METOMIOB PEIICHUS CHCTEM JIMHEWHBIX alreOpanvecKux
ypaBHeHHi1, a UMeHHO MeTol Kpamepa: x, = A/ A, THe A — ompenenuTesb OCHOB-

HOM MaTpHIBI CHCTEMBI (COCTOMT M3 KO3(Q(MHIMEHTOB NPH HEU3BECTHBIX), & A, —

OTIPENEIUTEIb, TTOJYYCHHBIA MyTEM 3aMEHBI j-TO CTOJIOIa OCHOBHOW MATPHIIBI CH-
CTEMBI CTOJIOIIOM CBOOOTHBIX YJICHOB.

[ToHsiTHE MaTPUIT M OTIEpalMK HaJ HAUMH, BBIYUCIICHUE OMPEACITUTENCH TTPOn3-
BOJIBHOTO TIOPSI/IKA, & TAKXKE METOBI PEIICHUS CHUCTEM JIMHEHHBIX anre0pamdecKux
ypaBHEHUI pa300paHbl B MOJHOM 00bEME Ha MPAKTUYECKUX 3aHATUIX 14 —17.

4.2 Ilpumepsl pelieHsi TUIIOBBIX 32124
4.2.1 B ycnoBusix 3amaun 3.2.2 HAWTH KOOpAUHATHI BekTopa MN B 0aszuce

AD u AB.
Pemenue. Tlpu pemenuu 3agaun 3.2.2 ObUIO ONPEACICHO Pa3I0KEHUE BEKTOPA

MN 110 BekTOpam AD u AB: MN :%E —%E Koadhdunments npu 6a3ucHbIX

— 1
BEKTOpaxX W MPEACTaBISIOT KOOpAUHATHl BekTopa MN = (E’_Zj B 33JJaHHOM 0a3u-

ce.
4.2.2 B ycnoBusx 3a1a4uu 3.2.3 HallTH KOOPJIMHATHI BEKTOPOB MN u C}?B Oa-

suce AA,, ABn AD.
Pemenue. [Ipu pemenun 3anaum 3.2.3 ObUIM MOJTYYEHBI PA3JI0KEHUS BEKTOPOB

1 l—

1 S S
MN:—EAA1+AB—5AD U Cle—AAl—gAB—%AD 1o BekropaMm A4, AB u

AD . KoadduuneHTsl mpu 0a3uCHBIX BEKTOPaX U MPEACTABISAIOT KOOPAUHATHI BEKTO-

pOB MN wu CI—KB 3aJJaHHOM Oas3mce, TO eCTh m:(—%;l;—%), FN:(—I;—%;—%).

4.2.3 HaiiTu KoOpAMHATBI TOYKHM IEPECEUCHUs] MeIuaH TpeyrojbHuka ABC,
€CJIu U3BECTHBI KoopauHathel ero BepimnH: A(0;7;-3), B(2;5;7) u C(4;3;5). Boiuuc-
JIUTh JJTUHY MeuaHbl AL .

Pemenue. Halinem koopauHaTel TOUKH L, KOTOpasi, MO ONMpeASIeHUI0 Meaua-

Hbl TpPEYrojbHUKa, AEeNUT cropoHy BC mononaM. Bocmonwszyemcs QGopmynamu
(4.1.5):

Xy +x. 2+4 YVptye S5+3 Zy+z. T+5
= = = ’ yL: = :4; ZL: = =
2 2 2 2 2 2

Haxonum nuny menuansl AL mio dhopmyse (4.1.3):
\ﬂ\:\j@—())z +(4-7)+(6+3) =J9+9+81 =99 =311.

[TycTh Touka M sBIsieTCS TOYKOW NEpeceyeHus MeauaH TpeyrojbHuka. Ecinu
AL siBnisieTcs MeIMaHoM, TO, TI0 CBOMCTBY MEJIMaHbl, TOYKa M JEIUT MEIUaHbI B OT-

6.

XL
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2
HOILIEHUH JIBa K OJTHOMY, CUMTasi OT BEPUIMHBI 4, TO €CTh A = 1 =2 . Bocnons3yemcs

:xA+2~xL _0+2-3:2.y :yA+2'yL :7+2-4:
1+2 3 oM 1+2 3

=3. CnenoBarenbHo, Touka M (2;5;3).

dopmynamu  (4.1.4):  x,,

5;
_z,+2-z;, -3+2-6
1+2 3
4.2.4 3agaHbl BEKTOPBI c?=2f+3j—2l€, Ezf—]’+3/€, E:217+6]'+3l€.

Zy

Haiitu: a) koopaunatel BekTopa d +b — 3k ; 0) paznoxxkenue Bektopa 2d —b + 4k 1o

Oazucy B = {f;]’;lg }; B) KOOpJMHATHI OpTa "
Pemenne. a) d +b — 3k =(2;3;-2) + (,—1;3) = 3-(2;6;3) =(3;2;1) - (6;18;9) =
=(-3-16,-8):6) 2a—b +4k =2-(2i +3] =2k )~ (7 = j +3k)+4- (20 + 6] +3k ) =

:(4?+6]‘—41?)—(?—]‘+31€)+(8§+24j+121€):11?+31j'+51€;B)?:ﬁ:
C
_20+6j+3k _2i+6j+3k 2 6-

= :—z+—]+§E.
V22 + 62 1+ 3 7 T

4.2.5 HaiiTu BekTOp X, KOJUIMHEApHBIH BeKTOpY d=4i —3/ + 12k, 00pazyto-

U ¢ OPTOM k TYHOU Yroy U UMEOIIUNA IJTUHY ‘fc‘ =26.
Pemenune. Bekrop X =(x;;x,;X;) ABIAETCA KOJUIMHEAPHBIM BEKTOPY d , 4, CJIe-

AO0BATCJIIbHO, KOOPAMHATBI BCKTOPOB IIPOINOPHOHUOHAIBHBI, TO €CTb X=aad WIn

X =(4a;-3c;12cx). o yenosuwo |x|=26. Toraa 1602 +9a +144a° =13|a| wm

|| =2. Bekrop X oGpasyer ¢ oprom k Tymoii yroi, To ectb x, =12a <0 u 3Hade-

Hue o <0. CrnenoBarenbHO, @ =—2, a HUCKOMBIA ~BEKTOp HMMEET KOOPIAWUHATHI
X =(-8;,6;,-24).

4.3 3aganus AJi9 pelieHUs HA NPAKTHYECKOM 3aHATHH
4.3.1 JlokazaTp, 4TO AJisl JIOOBIX 33JaHHBIX BEKTOPOB X, ) M Z BEKTOPbI

X+Yy, V+Z U Z—X KOMIUIAaHAPHBI.

4.3.2 Jloka3aTp, 4TO JJIs1 JTIFOOBIX HEKOMIUJIAHAPHBIX BEKTOPOB X, } M Z BEKTO-
pbl —X+5y—3Z, X+2y—Z U Z — y+ 3X KOMIUJIAHAPHBI.

4.3.3 /laHbl Tpy HEKOMILUIAHAPHBIX BEKTOpa X, y U Z . HailTu 3HaueHus mapa-
MeTpa &, IPUA KOTOPBIX BEKTOPHI X + y+azZ, X +ay+Z, aX + Y +Z KOMIUIAHAPHBI.

4.3.4B Tpaneuuu ABCD  uW3BECTHO OTHOIICHWE [JUJIMH  OCHOBAHUM:
‘E‘ : ‘@‘ =5:3. HaiiTu KOOpJIMHATHI BEKTOpPA BC B Gasuce B= {E,E} .
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4.3.5 3anana nupamuga ABCD . B 6a3uce u3 pé€dep DA, DB u DC HallTH KO-

OpAMHATHl BEKTOPOB EF u DM,tne Eu F — cepenuHbl pédep DAu BC, M —
TOYKa IepeceueHuss Meauan Tpeyroibanka ABC .
4.3.6 B terpasape OABC menuana AL rpanu ABC npenutcs Toukod M B

OTHOUICHUU \WHE\:&I Haiitn koopauHaTel BektopoB OM u TM B Gasuce

OA,OB,O0C, aTouka T — cepenauHa pebpa AB.

4.3.7 Haiitu koopauHaThl BeKTOpa 2d —4b +3¢, ecnu d = (3;2;5), b= (1;4;7),
¢ =(6;3;—2). BoluucnuTh JJIUMHY 33JJaHHOTO BEKTOPA.

4.3.8 Boipasuts BekTop ¢ =(1;—7) depes BekTOps d = (4;,-2) u b =(3;8).

4.3.9 HaiiTi BeKTOp X , KOJUIHHEAPHBI BEKTOPY d =1 — 2 — 2k , 00pasyroLmit
C OPTOM j OCTPBIH yroJ M HMEIOIIHUH IIUHY |5c'| =15.

4.3.10 Haiitu BexTOop X, 0Opasyromuii co BCeMU Tpemsi Oa3UCHBIMH OpTaMu
PaBHBIE OCTPBIE YIJIbL, €CIIN |5c'| =2.3.

4.3.11 lanwl Tpu BepmmHbl A(3;—4;7), B(-5;3;-2) u C(1;2;—3) napanneno-

rpamma ABCD . Haittn 4eTBEPTYI0 BEpINHY D , MPOTUBOIOJIOKHYIO B .
4.3.12 /Tanbl 1Be CMEXKHbIE BepIIMHBI mapamienorpamma A(—2;6), B(2;8) u

TOYKa NepeceueHus quaronaneit M(2;2). Haittu nBe npyrue BepIINHBI.

4.3.13 Ha ocu opauHat HaiiTu Touky C, paBHOyAan€HHyto oT Touek A(1;—4;7)
u B(5;6;-5).

4.3.14 TpeyronbpHUK 3aJ1aH KoopauHaTaMmu cBoux BepuinH A(3;-2;1), B(3;1;5),
C(4;0;3) . BoIuUCIUTh pacCTOSTHUE OT Havajia KOOPAUHAT 10 TOUKH MEPECCUCHUS Me-

JIMaH 3TOTO TPEYTOJIbHHUKA.
4.3.15 Boruucnauth AMHy OMCCEKTPHUCHl BHYTPEHHETO YIJia MpU BeplivHe A
Tpeyroibarka ABC, eciiu U3BeCTHBI KoopauHathl ero BepmuH: A(1;2;3), B(4;4;9),

C(13;6;6) .

4.4 3ajanus 1JI KOHTPOJHUPYEMOM CaAaMOCTOATEIbHO padoThI
4.4.1 Bextop X, KOJUTMHEAPHBIN BEKTOPY d, 00Opa3yeT OCTPHIN YIOJ C OPTOM i .
HaiitTn koopIMHATBI BEKTOpa X , €CIU |fc| =

4.4.1.1 *—( 2:3;—4), p=-/58. 4412  d=(3;5-1), p=+/105.
4.4.1.3 = (5:2:3), p=257. 4414  G=(-417), p=-330.
4415  G=(-3;86), p=+109. 44.1.6  G=(4-39), p=253.
4417  G=C-7D), p=177. 4418  d=(-522), p=233.
4419  d=(-1;2-3), p=+/70. 44110 G=(6-7:6), = J149
44111 d=(5-47), p=65. 4.4.1.12 d=(-6;2;-1), p=+123.
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4.41.13 G=(-1;-4;-2), p=314. 44114 G=(23-7), p=+310.
4.41.15 d=(9-7;8), p=+/194. 4.41.16 d=(-7;8,-5), p=+/138.
4.41.17 G=(-54;6), p="711. 4.41.18 G=(4-2;5), p=3/15.
4.4.1.19 d=(2-2;-5), p=+165. 44120 d=(-7;-10;-3), p=+/158.
44121 d=(-11;6;—4), p=-/346. 44122 d=(6,-5-4), p=+231.
44123  a=(1;35), p=75. 44124  G=(-3;-42), p=145.
44125 G=(-12-7;8), p=+257. 44126 Ga=(10;54), p=+/282.
44127 d=(4-7;3), p=237. 4.4.1.28 d=(—4;5-4), p=319.
44129 G=(-1;-5-4), p=+210.  4.4.1.30 a=(3-13:12), p=/322.

5 CKAJIAPHOE INPOU3BEJAEHUE BEKTOPOB
(mpakTH4eckoe 3aHATHE 5)

Coaep:xaHue: cKaJIsIpHOE IPOU3BEACHUE BEKTOPOB; IPOEKIINS BEKTOPa Ha OCh;
MEXaHUYECKUN CMBICT CKAISPHOTO MPOU3BEICHUSI BEKTOPOB; YroJl MEXKIY BEKTOpa-
MU; HAMpaBIISIONINE KOCUHYCHI, KaK KOOPJIMHATHI €AMHUYHOTO BEKTOPA; JJIMHA BEK-
TOPA; BRIYMCIICHUE CKAJISIPHOTO NPOU3BEICHHS B OPTOHOPMUPOBAHHOM Oasuce.

5.1 TeopeTuuecknii MaTepUaJl 1O TeMe NPAKTUYECKOI0 3aHATHS
Onpeneaenue 5.1.1 Ckanapuou npoexyueu WA MPOCTO Hpoexyuelr BEKTOpa

AB Ha och | Ha3BIBAETCA YHCIIO, ONPEICICHHOE PABEHCTBOM
. ‘TB; ,ecmn AB, T e,
np, AB=4 O. . (5.1.1)
—‘AlB1 ,ecmn 4B, T e,

rje TOYKU A, U B, — OpTOroHajbHbIE MPOECKINU TOYEK A U B Ha ochb [, COOTBET-

cTBeHHO. BekTop €° 3amaeT HampaBieHHe ocH /.
Ilpoekuuss BekTopa BbluMCIseTcs 10  Qopmyne:  np, @ =|d|cosp, rae

go:L(Zz,ZOJ.

Onpenenenue 5.1.2 Ckanapuvim npouzgederuem TBYX HEHYJEBBIX BEKTOPOB
d ¥ b Ha3BIBACTCS YHCIO, PABHOE MPOM3BEICHMIO JUIMH 9THX BEKTOPOB, YMHOMKEH-
HOMY Ha KOCHHYC yIJIa ¢ = (Ei,l; ) MEXly HUMHU:
-b=(a,b) =\a\-\5\ .cosQ. (5.1.2)
PaccMoOTprM CBOKCTBA CKAIIIPHOTO IIPOU3BEIACHUS.
1) @-b=0,a#0,b#0<>aLb; 2) a-b=a-np,b=p|-npa;
3) (e d,b)=(a,ab)=a(d,b); 4) (d,b+¢)=(a,b)+(a.c);
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5) @a-b=>b-a; 6) |d=va-a.

PaccMoTpuM OpTOHOPMHUpPOBAaHHBIN Oa3uc B = {f;];
3TOM 6Ga3Wce 3aTaHbl BEKTOPHl d=a,i +a,j + a3l€ mb=
JIIPHOE TIPOM3BEJICHHUE OTpeieIiieM o Gpopmyie:

a-b=a,-b +a,-b,+a,-b,.
JlnuHa Bektopa: |d| =+/a] +a; +a; .

a -b+a,-b+a,-b,
Kocunyc yria Mexny BEKTOpaMu: cos@ =

2 2 2 2 2 2
\/al +a; +a; -\/bl +b; + b;

a b +a,-b+a,-b,

}2 2 2
a +a, +a

[Ipoekuust BEKTOpa Ha JPyrou BEKTOP: npﬁl; =

Omnpenenenue 5.1.3 Hanpasriarowumu xocunycamu BEKTOpPa HA3bIBAIOTCS KO-

opaAnHATBI CAUMHUYHOI'O BCKTOPA 110 HAIIPAaBJICHUIO 3a1aHHOI'0O BCKTOPA.

HaiizieM KOOpIMHATHI IMHAYHOTO BEKTOpA d’ JUIst BEKTOpa d =(a,;a,;a,).

E:iz (a,30,;a5) _ 4 : a, : 4

= 2 2 2 2 2 2’ 2 2 2’ 2 2 2
‘a‘ \fal +a; +a, \jal +a; +a; \jal +a; +a; \/al +a; +a;
CJIGI[OB&TGJIBHO, HaIIPpaBJIAIOMIKWC KOCHUHYCHI PABHEBL
a az a3

2 12 2’COS’B: 2 2 2’0087/: 2 2 2
Ja, +a; +a; Ja, +a; +a; Ja, +a, +a;

CoSax =

rae «, [,y — yribl, 00pa3oBaHHbIE BEKTOPOM d € Oa3UCHBIMH BEKTOpaMHu i, j,

COOTBECTCTBCHHO.

];} Hpe,HHOJ'IO}KI/IM, qTO B

bi+b,j+ b3l€ . Torpa cka-

(5.1.3)

>

3ameuanue. Bce ykazaHHble BbllIe (DOPMYJTBI MIPUBEAEHBI AJI TPEXMEPHOTO
npoctpancTBa. Ha miockocTu ykazaHHble OpMYJIbl TakKe cripaBeasiuBbl. OTanune

COCTOUT B OTCYTCTBUM TPETHEU KOOPAUHATHI.

Mexannyeckuii cMbIC CKAJSIpPHOro mnpousBenaeHus. Pabora A cunwel F,

MPOU3BEAEHHASA ATOM CHIJIOM NPH MEPEMEIICHUN MaTEPUaIbHON TOYKU Ha IyTH |§

OTIPENICNIIEMOM BEKTOPOM § , BBIUUCISACTCS IO PopMyJie

Azf@z‘ﬂ-m-cos(ﬁ_?).

5.2 Ilpumepsl pelieHUs TUNOBBIX 32/1a4

5.2.1 /lanbl 1JIMHBI BEKTOPOB |Zz| =4,

Haiitu ckansapHoe npou3BeAeHUE d -b 1 MPOEKIUI0 BEKTOPAa @ Ha BEKTOP b.
Lo . L d-b 12
Pemenwue. d-b :\a\-‘b‘-cos(a,b) =4.6-c0s60°=12, np.d=——-=—=
B
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b ‘ =6, U Yyron Mexkay HUMH paBeH 60°.



5.2.2 3ananbl BeKTOpbl d=3i —4] + 12k, b=—6i + 3/ - 2k u ¢=4i +3k.
Beruucnuts a-c, 4(5,5) u anI; . HaiTu koopanHaAThl €AMHUYHOTO BEKTOpA a

Kaxkoif yron (ocTpblit WM Tymoii) 06pa3yeT BEKTOp G ¢ OpTOM ; ?
Pemenue. BeruncinM cKaJsipHOE MPOU3BEICHUE BEKTOPOB d U C :
a-c=3-2—-4-0+12-3=42.
JI7Ist OTIpe/IeNIeHHs yTITa MEeK/Ty BEKTOPAMH G M b HAXOIMM KOCHHYC yIiia
MEXy ’TUMHU BEKTOPaMHU:

a-b _ 3.(=6)—4-3+12-(=2) _ 54
a-p| 3+ 4y 1127 oy +3P (27 91
Cre10BaTeIbHO, 4(&,5) =arccos(—54/91) = 7 —arccos(54/91).

cos(ﬁ,l;)z

BprarciumM NpoeKkuo BEKTopa b Ha BEKTOD C :

- b-¢ —6-4+3.0-2-3 =30

npb =———= = =-0.
el V#0243 5

I[JBI OIIPCACIICHUA KOOPpANHAT CAMHUYIHOI'O BCKTOPA a’ BBIYHCIISIEM MJINHY

—_—

BEKTOpa d : |d|= \/32 +(—4)’ +12% =13. HaxoauM KOOpIMHATEI HCKOMOTO €JMHUY-
HOT'O BEKTOPA:
—~ d 3i—4j+12k 3. 4. 12
a =—= =—i-—j+—k.
B 13 3 137713

KoopanHaTel eJMHUYHOTO BEKTOPA SBISIOTCS HAITPABIISIOIIMMA KOCUHYCAMU,
clieIoBaTebHO, cos f=—4/13 <0, a M03TOMY YroJl MEXIy BEKTOPOM d U OPTOM |

ABJIACTCSA TYIIBIM YITIOM.

5.2.3 Haiiti A1MHBI CTOPOH U BEJIMYUHBI YIJIOB TPEYTOJIbHUKA C BEPUIMHAMU B
toukax A(—1;2;4), B(—4;2;0) u C(3;2;1).

Pemenue. OmnpenennM KOOpAWHATHI M JIJIMHBI BEKTOPOB AB, AC u BC:
AB=(—4—(-1);2-2;0-4)=(-3;0;-4), ‘E‘:\/(%)z +0>+(—4)" =5;

AC=(3-(-1);2-2;1-4) =(4,0;-3), ‘E‘:\/ﬁ +0%+(-3)" =5;
BC=(3-(—4);2-2;1-0)=(7;0;1), ‘%‘:«/72 TR N

AB-AC _3:440:0-4-(:3)
alfad s ¢

Haxonum yriael TpeyrojabHUKa: cos A=

torna £ZA=90°. Tak kak ‘A—B" = ‘A—C" , TO TPEYTOJIbHUK SIBJIIETCS PAaBHOOEAPEHHBIM,

180" — 24

a, ciaenoBareiabHo, L/B=/C= 45°,
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5.2.4 Beruucnuth paboty A Cuibl F=2 -3/ + 5k [IpU MPSAMOJIMHEWHOM IIe-
pEMEILICHNN MaTEepUaIbHON TOUKHU U3 noJjioxkeHus M (2;3;4) B nonoxenue N(4;7;8).

Pemenne. Haxonum BekTop MN = (4—2;7-3;,8—4)=(2;4;4). Torma pabota
cusl F MIpU MEPEMENICHUN MaTepUaIbHON TOUKM B HAMPABJICHUU BEKTOpa MN paB-
Ha: A=F-MN=2-2-3-4+5-4=12 ([Joc.).

5.2.5 Bektop X mnepneHAuKyJsipeH Bektopam d(3;6;—4) u b (8;5;—7), u yno-
BJIETBOPSICT yCIIOBHIO (31 + 2 + 5k )- X =23 . HaifTn KoOpAMHATBI BEKTOpA X .

Pemenne. OGo3HauuM KOOpJAMHATHI BEKTOpa X B 0aszuce {i; j;k} yepe3

X,,X,,X;. ECIIN BEKTOpa NEPHEHIUKYISIPHBI, TO UX CKAJISIPHOE IIPOU3BEIEHHE PABHO
HyJII0, TO €cTb d-X=0 u b-Xx=0. B pe3ynbrare npuxoauM K CUCTEME JTHHEHHBIX
anredpanvyeckux ypaBHEHUN

3x, +6x, —4x, =0,

8x, +5x, —7x;, =0,

3x, +2x, +5x;, =23.

Pemim cuctemy no dopmysnam Kpamepa: x, =A/A;, rie A — onpenenurtens

OCHOBHO! MATpPHIIbI CUCTEMBI, & A — OIpPEEIHUTENb, ONYYCHHbIH IyTEM 3aMEHBI /-

ro CTOJ0Ia CTOJIONOM CBOOOJHBIX WICHOB. BhruncinM HEOOXOIUMBIE ONPENETUTENH
o ¢popmye (4.1.8):

3 6 4
A=8 5 -7|=3-5-5-7-6-3-4-2-844-5-3-8:-6-5+7-2-3=-253;
3 2 5
0 6 4
A=l0 5 -7|=0-5-5-7-6-23-4-2-0+4-5-23-0-6-5+7-2-0=-506;
23 2 5
3 0 4
A,=|8 0 -7{=3-0-5-7-0-3-4-23-8+4-0-3-8-0-5+7-23-3=-253;
3 23 5
36 0
A,=|8 5 0(=3-5-23+0:6-3+8-2-0-0-5-3-8-6-23-0-2-3=-759.
3 2 23
Pemenue cucrembl MpeACTaBiIsOT cOO0M KOOPAMHATHI UCKOMOI'O BEKTOpA X :
A, _ =506 A, 253 AT,

1 = = ) x2 = = = , x3 = = =
A 253 A =253 A -253
Urak, X =27 + j +3k =(2;1;3).
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5.3 3apanus A pelieHUs HA MPAKTHYECKOM 3aHATHH

5.3.1 Haiitu a-¢, ecuu |d|=2, |¢|=8, Z(a;¢)=7/3.

5.3.2 BekTopsl d U ¢ 00pa3ytot yron ¢ =27/3 u ‘ﬁ‘ =4,
a) d =d-a;0) (4d—3¢)-(3d+2c);B) (a—<C).

5.3.3 Ilpu KakoM 3HaYE€HUU @ BEKTOpPBl d =ap+3G U ¢ =3p+ag OKaxyTCs

c | = 5. Beruuciaurs:

KOJUIMHEAPHBIMU, €CJIM BEKTOPbI p U ¢ HEKOJUIMHEAapHbIE?

5.3.4 Haiftu yron mMexay eAMHUYHBIMH BEKTOpaMHU e W e, , €CIU U3BECTHO,

4TO BEKTOPHl d =€ +4e, u b =2e’ —3e, NepHeHAUKYISIPHBIL.

5\:4,

5.3.5 Beruuciuth a-b+b-¢ +c¢-a, ecinu u3BeCTHO, UTO ‘Zz‘ =1, E| =5

na+b+c=o.

5.3.6 Haiftu yrosn Mexay BeKTOpaMu d u b , eciu ‘Ez‘ =4, I;‘ =5 a-b=-10.
5.3.7 HaiiTi yron Mexay BektopaMu d u b , ecin (d +4b)* +(a —5b)* =206,

a =3, |p|=2.

5.3.8 Boiuucnuth paboTy CHUIIbI 17, KOTOpasi, IEUCTBYS Ha TEJO, BHI3BIBAET €TO
nepemenieHre Ha 20 MeTpoB mox yriioM 60° K HaIpaBJICHUIO CHJIBI, €CITH ﬁ =20H.

5.3.9 3amaHsl BEKTOps d=4i —4j —2k, b=2i +6j+3k u ¢ =i —2] +2k .
Bbrauciuts b - ¢, 4(&,5), (3d—¢)-(2b +5¢), |4d -3¢ (G—b—7).

, anZ; U np._

G+b+¢

Haiitn xoopauHaATBI € IMHUYHOTO BeKTOpa a° . Kakwe yrisl (OCTphIe WM TyTbIE) 00-
pasyer BEKTOp d ¢ Ga3HCHBIME OpTaMu [ , ] U k2

5.3.10 Halitn nyiHBI CTOPOH W BEJIWYHUHBI YTJIOB TPEYTOJIBHUKA C BEPIIMHAMU
B Toukax A(1;2;3), B(4;-2;1) u C(-3;1;2).

5.3.11 Haiitu yron mMexay auaroHaisiMu mapaienorpamma ABCD, ecnu 3a-
naHbl Tpu ero BepuuHbl A(2;1;5), B(—3;—-6;2) u C(-3;4;-2).

5.3.12 Haiitu xoopAuHaThl BEKTOpa X, KOJUIMHEapHOro Bektopy d(3;5;—1) u
YIOBJICTBOPSIONIETO YCIOBUIO a - X =—70.

5.3.13 BekTop X MEpICHANKYSpeH BekTopaM d(4;5;—22) u b(2;3;—12), u
ynoBieTBopseT ycnosuto (3i —37 + 21;) -X =5. HaliTu KOOpAMHATHI BEKTOpA X .

5.3.14 Beruuciaute paboTry A paBHOJCHUCTBYIONIEH CHIIBI F s cun
F(6;-5;-5) u FQ(—2;8;—7) MpU TPSAMOJIUHEHHOM IIEPEMEIICHUN MaTEePUATBLHOU
Touku U3 mojoxkenus M (3;15;5) B monoxenue N(19;15;17). Haiitu yron mexmy

HAIPaBJIEHUSAMHU PABHOACUCTBYIOLIEH CUIIbI I Y MEPEMEIICHUS.

5.3.15 Bexropbl @, b u ¢ WMEIOT paBHBIC JUIMHBI U 00pa3yIOT MOMAPHO PaB-
Hble yrisl. HalTu koopauHaThl BeKTOpa X, eciu d=i +j, b=j +k.

37



5.4 3apanus 119 KOHTPOJHMPYEMOH CaMOCTOATEIbHON padoThI
5.4.1 lanel  uetelpe TOYKM  A(X;)3z), B(x,;,z,), C(x350552z,) #H

D(x,;y,;z,) B OPTOHOPMUPOBAHHOM Oa3Hce {f;]‘;lg } . Tpebyercs:
a) BEIYMCIIUTD JJIMHBI CTOPOH U YIIIBI B TpeyronbHuke ABC

6) BBIYHCIHTH MPOCKIIHIO BEKTOpa AD Ha Bektop BC;
B) BBIYHUCIIUTh PabOTy paBHOAEUCTBYIoweH cunbl F cun F,=DA, F,=DB,

F, :R, MPUJIOKEHHBIX K MaTepUaIbHOW TOYKE [, KOTOpas IMOJ BO3ACHCTBUEM
CUJIBI IIEPEMEINAETCS NMPAMOJIIMHEMHO M3 TOYKH [ B TOUKY IEPECEUYECHMS MeAuaH
Tpeyroiapauka ABC;

T') HAWUTU KOOPAMHATHI €IMHUYHOTO BEKTOPA JJI1 BEKTOpa BD W 3ammcath, Ka-

- > —

KM€ YIJIbI (OCTpBIE WM TYIIbIE) 00pa3yeT BeKTOp BD ¢ 0a3ucHbIMM OpTamu i , ] k ;

1) HAUTH KOOPAUHATHI BEKTOpPA X , KOJUTMHEAPHOTO BEKTOPY CD u YIAOBJIETBO-
PSIOIIETO YCIOBUIO AB-% =t.
54.1.1  A(52;6), B(5,7;4), C(4,10,9), D(1;8;2), t = 40.
54.1.2  A(=57,=7), B(5,-3;1), C(2;3;7), D(7,2;2), t =180.
5.4.1.3  A(6;58), B(3;5;8), C(8,4;1), D(1,—-1;3), £ =168.
5414  A(20), B(3;5;7), C(2,-3;5), D(4;2;10), ¢ =378.
54.1.5  A(=23;5), B(4;2;10), C(1;2;7), D(5;3;7), t = 30.
54.1.6  A(40:6), B(2;6;5), C(6;4;,—1), D(3;2;5), t =60.
54.1.7  A(3;3;6), B(2;-3;9), C(1;2;5), D(2;1,7),t = 44.
54.1.8  A(3;-2:1), B(4;5;6), C(3;3;2), D(0;4,5), 1 =57.
54.1.9  A(-1,0;1), B(1;7;3), C(8;5;8), D(3;—1;2), 1 =128,
5.4.1.10 ALLS), B(4,9;3), C(3;6;7), D(2;4;3), t =121.
5.4.1.11 A(2;-15), B(1;6;3), C(3;-9;8), D(0;7;1), ¢ =—1290.
5.4.1.12 A(4,6,6), B(4,2;0), C(1;2;6), D(6;1,1), £ ==306.
5.4.1.13  A(5:4;,7), B(2:4;7), C(7:3;7), D(6:8;2), t =—-24.
5.4.1.14 A(7;10,2), B(2;8;4), C(9;6,9), D(4;4;10), 1 =—-217.
5.4.1.15 A8;7;4), B(510;4), C(4;,7,8), D(3;5;4),t =—13.
54.1.16 A(4,9;5), B(4;6;11), C(6;9;3), D(6;6;5),1 =—105.
5.4.1.17 A(10;5-5), B(5;6;,-8), C(8;10;7), D(8;,—6;4), t = —28.
5.4.1.18 A(4;2:10), B(2;3;5), C(5,3;7), D(1,-2;7),t =-9.
5.4.1.19 A(5:3;-7), B(1;2;7), C(4;2;0), D(2;3;5),t =—154..
5.4.1.20 A(L9:;7), B(0,2;0), C(5;3;10), D(4;3;5), t =36,
5.4.1.21  A(;4:9), B(2,-5;8), C(5;4;2), D(2:1;6), t = 200.
5.4.1.22  A(6;3;1), B(3;2;8), C(2;-3;7), D(2;—-1,7),t =—18.
5.4.1.23 A(-L6;1), B(-1;1,6), C(0,4;-1), D(3;1,4), ¢ = 320.
5.4.1.24 A(5:8;3), B(1;2;-2), C(-1;0;2), D(3;5;4), 1 =—392.
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5.4.1.25 A(-37:1), B(5;7;8), C(6;9;2), D(9;5;5),t =270.
5.4.1.26 A(L—-L4), B(3;5:1), C(5:8;—1), D(5;5;4), t =—165.
5.4.1.27 A%9:4:4), B(4;5,7), C(7,9,6), D(7,5,3),t =52.
5.4.1.28 A(0;7:1), B(0;2;7), C(1;5;0), D(4;2;5), t =—135.
5.4.1.29 A(6;9;4), B(2;10;10), C(7,5;9), D(4;6;5),t =22.
5.4.1.30 A(2;8,-2), B(9:8;9), C(7;10;3), D(10,9;6), t =—594.

6 BEKTOPHOE ITPOU3BEJIEHUE BEKTOPOB
(mpakTuueckoe 3ansaTue Ne 6)
Conep:xanme: opHEHTAIMsI BEKTOPOB; BEKTOPHOE MPOU3BEIACHUE BEKTOPOB;
MEXaHUYECKUN U T€OMETPUUYECKUN CMBICII BEKTOPHOT'O MPOU3BEACHUSI BEKTOPOB; BbI-
YUCJIEHWE BEKTOPHOTO IIPOU3BEICHUS B OPTOHOPMUPOBAHHOM 0asuce.

6.1 Teoperuyeckuii MaTepuas 0 TeMe MPAKTHYECKOI0 3aHATHSA
Omnpenenenue 6.1.1 Tpoiika BeKTOpoB d, b, ¢ , Hauana KOTOPHIX COBMEIIECHBI,
Ha3bIBAETCS Npasoll, €CAN CMOTPETh C KOHIIA TOCIEAHETO BEKTOpa C , KpaTyalIluii

IIOBOPOT OT NEPBOIO BEKTOpPa d KO BTOPOMY BEKTOPY b OCYIIECTBISIETCA MPOTUB
4aCcOBOM CTpeJIKU. ECiM MOBOPOT OCYIIECTBISAECTCS MO YACOBOM CTPEIIKE, TO TPOUKa

BEKTOPOB d, b , C Ha3bIBACTCS 1€60U.

Onpenenenue 6.1.2 BexkmopHuim npouzeedenuem BEKTOPOB d U b HasbIBaeT-
CsL TpeTHil BEKTOp ¢ =d x b =[d,b], YIOBIETBOPSIOLIMIA TPEM YCIIOBHSIM:

1) || :‘dxg‘ =|al- ‘Z;‘ -sin @, Te go:(d,lg);

2)¢la,é Lb;

3) BekTopa d, b, ¢ 00pa3yIOT IPaByIO TPOIMKY BEKTOPOB.

PaccmoTprm cBOMCTBA BEKTOPHOIO MPOU3BEAEHUS BEKTOPOB.
1. /IBa HEHYJIEBBIX BEKTOPA KOJUIMHEAPHBIE TOTJa M TOJBKO TOIAA, KOTJa MX

BEKTOPHOE MPOU3BE/ICHUE PABHO HYJIEBOMY BEKTOPY, TO €CTh d ||b <> a xb =0.

2. JInuHa BEKTOPHOTO MPOU3BEICHUS IBYX HEHYJIEBBIX BEKTOPOB d U b paBHa
VIO IapajjIesiorpaMma, I[OCTPOCHHOIO Ha JTUX BEKTOpax, TO €CTh

S :‘5x5‘:‘d‘-‘5‘-3in¢.
3. axb=—(bxa).
4. [ad,bl=[G,abl=a-[a,b].
5. (G+b)xC=axc+bxé, ¢x(d+b)=c¢xa+cxb.
PaccMOTpuM OpTOHOPMHUPOBAaHHBIN Oa3uc B = {f;]; k } [Ipennonoxum, 4to B
Gasuce 3a/1aHbl BEKTOPHI d =a,i +a,] +ak, b=bi +b,j +bk, ¢=ci +c,j +ck.
Torma BeKTOpHOE TPOM3BEICHNE BEKTOPOB BBIUUCISIETCS 1O PopMyIIe:
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h % 6.1.1)

bl b2

k.

—

a a3]+

bl b3

—

a, a,
l —

bZ b3

axb=la, a, a,|=

bl b2 b3
MexaHM4ecKHd CMBbICJ BEKTOPHOI0 NMpoM3BeleHus. Bpamaromuyi MOMEHT

M cunel F, npuJIoKEHHBIN K TOUKE B Tena, 3aKperI€HHOro B TOUKe A, BEIYUCIIS-
(6.1.2)

eTcst o opmyiie:
M =ABxF'.
I'eoMmeTpuyecKknii CMBICJ BEKTOPHOI0 NMpou3BeaeHuss. Moayiib BEKTOPHOTO

HpOI/IBBeI[eHI/IH ABYX BCKTOPOB Zi J5! 5 PaBCH ILIOAaAX IMapaluiciiorpamma, rnmoCcTpocH-
(6.1.3)

HOT'O Ha 9TUX BCKTOPaAX:
S, =|dxb|.

Paccmorpum: tpeyronsauk M M, M, c¢ BepmmHamu B Toukax M, (x;;),;z,),
M, (x,;35;2,), M(Xy5)5;2,) . IInomanps TpeyroipHuKa BIYUCISAETCA IO (hOpMyIIE
1 1 ' J ¢
MM, xM1M3‘ :Emod X, =X, V,=Y, z,—zl|. (6.1.4)
374

gl L
2 2
X3 =X V=)

Ecmu tpeyronsuuxk M, M,M; 3a1aH Ha IUIOCKOCTH, a BEPIIMHBI UMEIOT KOOP-

auHaTel M, (x;;y,), M,(x,;y,), M,(x;5y;), TO IJIOIAAb 3TOI0 TPEYroJAbHUKA PaBHA
1 X, —X —

S =—mod| 2, P27 (6.1.5)

2 Y3~ N

A

X, — X

6.2 Ilpumepsl pelieHUs TUNIOBBIX 32124
6.2.1 Beruucnuts miomaap napamiesorpaMma, MOCTPOEHHOTO Ha BEKTOpax
G|=5, Z(p;q)=30°.

G=2p+3G ub=3p—4qG,ecmu |p|=4,
Pemenue. S, =|dxb|=|(2p+3¢)x(3p—4G)|=
=6pxp—8pxG+9Gx p—12GxG|=|0—8p*xG—9px§—0o|=

=‘—17ﬁxq‘:17-‘[9><Q‘:17-‘13‘-‘ﬂ-sin(ﬁ;é)=17-4-5-sin3()°=17O(K6.ec).).

6.2.2 Bektop X mepneHAuMKyIspeH Bektopam d(3;6;—4) u 5(8;5;—7) U yno-
BIETBOpAET ycaoBuo (37 +2/ + 515) -X =23 . Beiuncnuth JJIMHY BEKTOpa X .

Pemennie. O003HaUMM KOOpJMHATHI BEKTOpa X, KOTOPBIM 3aJaH B Oasuce
} TPOMKOM 4YHCENl X, X,,Xx,. Mcxond M3 ycIoBUsA 3a1ayd, HUMEEM

7

i)k
Xla,xL1lb—-o>X|laxb—>Xx=«a- (ﬁ X b). Haiiném BekTOpHOE MpPOM3BEACHUE BEKTO-

pOBaHEI
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I 6 —4. 3 4. 3B .- D
xb=3 6 -4|= i - j+ k=-22i 117 - 33k .
D I

CrneroBartebHO, ?c:a-(ﬁxg):—22-a-f—11-05-]—33-05-1;. Bocnonesy-

eMcsi CKaIApHBIM TIPOU3BEEHUEM BEKTOPOB (37 + 2 + 51;) - X =23 . CnenoBaTenbHO,
3:-(22a)+2-(-1la)+5-(-33- ) =23 wiu a =-1/11. Haxomum KOOpAUHATHI BEK-

TOpa x=a-(axg):—22-(—%)-7—11-(—1—11)“'—33-(—%)/2:2%%3/2. Ipu

OJIHOM U TOM k€ ycnoBuu 3ajad 5.3.11 u 6.2.2, HO pa3nIMYHOM MOAXOJE K PEIICHUIO,
MoJIy4yaeM OJHM U T€ K€ KOOPJAMHATHI UCKOMOTO BeKkTopa X . Haxomum miiMHy BeKTO-

pa %: ¥ =2% 41> + 3> =14 (uun. e9.).

6.2.3 B mapamnenorpamme ¢ BepmmHamu A(1;2), B(4;6), C(8;7) u D(4;6)

HaWTH BBICOTY /1 = ‘ﬁ , IPOBEIEHHYIO K CTOpOoHE AD .

Pemenne. Ilnomane mapamnenorpamma Haxogum o ¢opmyne S :‘E‘-h,

OoTKyna h = SD/‘E‘ . Haxomnm mmiHy BekTopa ‘E‘ = \f(4 —1)° +(6-2)* =5 (1un. eo.).

[Lnomaas napamiesorpaMmma paBHa
4-1 6-2 3

5-1 3-2 4

CrnenoBaTenbHO, IJIMHA BBICOTHI paBHA /71=.S_ / ‘E‘ =13/5=2,6 (un.ea.).

S_=mod =mod

4
1‘ =mod(—13) =13 (xs.e€0.).

6.2.4 HaifTi KOOpIMHATHI BPAIIAIOMIErocs MOMEHTA CHIbl F =3i +2/ —5k ,
MPUJIOKEHHOU K Touke B(6;8;13) otHOCcHTENbHO TOUKH “A(4;5;9).

Pemenue. Bocnonb3yemcest gpopmynoi (6.1.2), mpeaBapuTenbHO Hailas KOoOp-
JTMHATBHI BEKTOpa AB = (6—4;8—5;13-9)=(2;3;4).

i j k
2 3. . . -
k =-23i +22/ —5k.

3 2

—

‘3 4 ,
]+

M=ABxF=12 3 4:2
3 2 -5

6.2.5 3agan tpeyronbHuk ABC c¢ BepmmHamu B Toukax A(1;0;3), B(2;3;5) u

L2 4
l_
3 -5

C(4;2;6). Beruucnuts miomiaae Tpeyroibanka ABC .
Pemenue. JIJist BEIYMCIICHUS TIOIMIAAN HAHAEM KOOPAUHATHI HEOOXOIUMBIX IS
atoro BekTopoB: AB(1;3;2) u AC(3;2;3).
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i
S, = lmod(ﬂ? X If) = lmod 1
2 2 3

J+

o2
33

) | e
K |=
)

N W

1 \/83

_1 > - g _ 2 2 2_ 83
—Emod(Sl +3]—7k)_5-\/5 37+ (1) =T (ks.e0).

6.3 3aganus 19 pelieHUsI HA MPAKTHYECKOM 3aHATHH
6.3.1 BekTopel d u ¢ 00pa3yrOT yroin @ =>57/6, a TakKe U3BECTHBI JJIMHBI

; 6) |(3d@—5¢)%(2d +5¢)

3TUX BEKTOPOB: |Zz|:3, E|:6. Boruucnuts: a) ‘szE
B) |(c?—5)><(51—5)|.

6.3.2 KakoMy yCJIOBHIO JTOJ>KHBI YJIOBJIETBOPATh BEKTOPHl d U b , YTOOBI BEK-

9

TOpHI 2d —3b u 3d—2b 6buTH KOJUTUHEAPHBIE?

6.3.3 [apamnienorpamMM OCTPOCH Ha BekTopax @ u b . Haiftu BeicoTy mapai-
JIeNIorpaMMa, OIYIICHHYIO U3 KOHIA BEKTOpa d Ha BEKTOp b , eciu ‘Ez‘ =4, b ‘ =7 u
Z(@;b)=150°.

6.3.4 Haiitu nomanp —napamiesiorpaMma, IOCTPOEHHOTO Ha BEKTOpax
d|=3, £4(p;q)=60".

d=p-3G ub=6p+74,ecmu |p|=6,

6.3.5 13BecTHO, 4TO |Zi| =3, I;‘ =10 u Z(d;b)=135. BbIpasuTh 4epe3 BEKTO-

-

pbl d M b eIMHUYHBI BEKTOP ¢ , HEPICHINKY/IAPHbIH BEKTOPaM d U b TakoM, 4To:
a) Tpoilka BEKTOPOB {Zi b ,c? } npasas; 0) Tpoiika BEKTOPOB {Z; ,c? ,a } JeBasl.
6.3.6 3amanb! Bextopsl d(2;7;—3) u b(4;5;—2). HaiiTi KOOpAHHATHI BEKTOPOB:
a) daxb;6) (3d—2b)x(2b+3ad); ) (5d +2b)x(2d—Tb); 1) (d—2b)x(d+2b).
6.3.7 B mapannenorpamme ¢ BepumimHamu A(2;2), B(4;5), C(8;6) u D(6;3)
HaWTH BBICOTY /1 = ‘ﬁ‘ K ctopone CD.

6.3.8 BeiuncnuTh mionaabs TpeyroibHuka ¢ BepmmHamu B Toukax A(1;3;4),
B(3:;5;9) u C(7;9;-6).
6.3.9 B tpeyronsHuke ¢ BepmmHamu A(6;8;1), B(—4;7;3) u C(0;3;5) HaiiTu

BBICOTY /1 = ‘E‘

6.3.10 Beruncnuth  KOOpAMHATHI  BpallAlOIIErocss MOMeHTa M CWbl

F=-3i - 27 + 6k , npuiokeHHo K Touke B(7;12;19) OTHOCHUTENBHO TOYKH
A(5;9;13).

42



6.3.11 /{anbl Tpu CHIIBI fl =2f+3]—l€, FZ =—3f—]‘+l€ 51 F; :4f+2j—3l€,
MIPUWIOKEHHBIX K TOUKe B(4;7;16). BIUMCINTD BENMUNHY U HAIPABJISAIOLIUE KOCUHY-
Chbl MOMEHTA PaBHOJECHCTBYIOIIUX THX CHJI OTHOCUTEILHO Touku A(6;10;20).

6.3.12 Bextop X mnepnenaukyispeH Bekropam d(l;2;—-5) u b (4;3;2), u yno-
BJICTBOPSIET YCIOBHIO (21 — 3/ —4k)- X =272 . BRIYHCINTS IMHY BEKTOpa X .

6.3.13 Haiitu koopArHATBI BEKTOPA X , €CJIM U3BECTHO, YTO OH MEPIEHIUKYIIS-
pen Bextopam d(1;2;3) u ¢(5;1;2), oGpasyer ¢ opToM k OCTpBIif yroi i |fc| =1004.

6.4 3ajanus 11 KOHTPOJMPYEMOH CaAMOCTOATEIbHON padoThI
6.4.1 HaiiTu ruiomiaab  TPEyrojabHUKA, IOCTPOEHHOTO HA  BEKTOpax

gl=n, Z2(p;9)=9.

i=ap+a,g nb=hp+hbg,ecnu |pl=m,

6.41.1  a=2p+3g§, b=4p-54, |p|=1, |g|=2, p=150°.
6412 a=6p-74, b=8p+94, |p|=2, |§|=3, p=135".
6.41.3 a=10p+11g, b=12p-13G, |p|=3, |g|=4, p=120".
6414  a=13p-14G, b=15p+16g, |p|=5, |§|=6, p=90".
64.1.5 a=17p+18¢G, b=19p-204, |p|=7, |§|=8, p=60°.
6.4.1.6 d=6p-54, b=4p+3G,|p|=2, |§|=5 @=45.
64.1.7 d=7p+3G, b=2p-14, |p|=4, |4]=5, p=30".
6418 a=7p-4q4, b=5p+64, |p|=4, |g|=8, p=150.
6419 a=9p+64, b=5p-34, |p|=7, |g|=4, p=135".
6.4.1.10 Ga=5p-24, b=3p+4q, |p|=1, |g|=10, p=120°.
6.4.1.11 a=11p+12G, b=10p—4, |p|=5, |g|=12, p=90".
6.4.1.12 a=10p-104, b=p+124, |p|=4, |§|=7, =60
6.4.1.13 G@=3p+5G, b=7p-6q, |p|=12, |§|=13, p=45".
6.4.1.14 Ga=16p-15§, b=14p+13q, |p|=3, |§|=15, p=30°.
64115 d=p+q, b=p—q, |p|=24, |§=25 ¢=150".
6.4.1.16 da=4p-84, b=3p+174, |p|=6, |g|=5, p=135".
6.4.1.17 a=3p+24, b=4p-34, |p|=5, |4|=14, p=120°.
6.4.1.18 a=6p-4, b=7p+94, |p|=11, |§|=13, p=90".
6.4.1.19 G=2p+9q4, b=6p-5G, |p|=4, |§|=17, p=60".
64120 Ga=4p-g, b=2p+5q, |p|=4, |§|=18, p=45".
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64121 a=12p+13G, b=p-4q, |p|=6, |G=9, ¢=30".
64122 a=5p-94, b=9p+54, |p|=5, |§|=9, p=150".
64123 G=2p+3g§, b=5p-64, |p|=9, |§|=10, p=135°.
64124 a=15p-124, b=13p+14q, |p|=8, |g|=12, p=120".
6.4.125 Gd=4p+2G, b=p-84, |p|=3, |g]=1, p=90".
64126 G=6p-54, b=4p+34, |p|=9, |[g|=11, p=60".
6.4127 d=-3p+74, b=-2p-54, |p|=8, |[g|=11, p=45".
6.4.1.28  a=6p-94, b=5p+3q, |p|=6, |§|=12, p=30°.
64129 Ga=6p+54, b=3p-84, |p|=4, |4|=3, p=150".
64130 a=2p-3G, b=3p+24, |p|=3, |§|=2, p=135".

6.4.2 [lausr detbipe TOYKU  A(x;;V;3z), B(xy;),2,), C(x3;)552z,) H
D(x,;y,;z,) B OPTOHOPMHMPOBAaHHOM Oa3uce {17;];/;} (Koopounamovl mouex 07

Kaxco020 eapuanma npueedenst 6 3aoaue 5.4.1). TpeOGyercs:
a) BBIYUCIIUTB ILJIOIIA/Ib TpeyrojibHuka ABC ;

0) BBIYMCIIUTH JJIUHY BBICOTHI A = ‘ﬁ\/ ‘ Tpeyroiasauka BCD;

B) BBIUHUCIIUTh BEJIMUUHY MOMEHTA CUibl F = AB, NPWIOXKEHHOU K MaTepu-
anpHOU TOYKe D, KOTOpas MoJ BO3ACHUCTBAEM CHJIIbI IEPEMEIIAETCA MPSAMOJIMHEUNHO
13 TOYKH [ B TOUKY MEPECEUCHUsI MeAuaH TpeyroibHuka ABC .

7 CMEUIIAHHOE ITPOU3BEJEHUE BEKTOPOB
(mpakTH4eckoe 3aHaTHE 7)
ConepskaHue: cMEIIaHHOE MPOU3BEACHUE BEKTOPOB; T€OMETPUUYECKHUI CMBICIT
CMEILIAHHOTO TPOU3BE/ICHUS; BBIUMUCICHUE CMENIAHHOIO MPOM3BEICHUS B OPTOHOP-
MHUPOBaHHOM Oa3uce.

7.1 TeopeTuyecknii MaTepUaJI 1O TeMe NPAKTUYECKOI0 3aHATHUS
Onpenenenue 7.1.1 Cuewanuvim npouzsedenuem BEKTOPOB HA3bIBACTCS YHC-

70 abc, paBHOE CKaJISIPHOMY MPOU3BEACHHUIO BEKTOPHOI'O MPOU3BEACHUS BEKTOPOB

d v b , yYMHOXXEHHOMY Ha BEKTOD C .

PaccMoTpuM CBOWCTBAa CMEMIAHHOTO MPOU3BEICHUS BEKTOPOB.

1. CMmenranHOE MPOU3BEAECHUE TPEX BEKTOPOB PABHO HYJIIO TOTAA U TOJBKO TO-
r/1a, KOT/1a 3TU TPU BEKTOPa KOMILJIAHAPHEI.

2. CMelIaHHoe MPOM3BEICHUE TPEX HEKOMIUIAHAPHBIX BEKTOPOB a,b,c paBHO
o0beMy mapasuielsienuiea TOCTPOEHHOTO Ha ATUX BEKTOpax, €ClIi TPOHKa BEKTOPOB
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npaBaﬂ, 51 06’[>CMy 3TOT'O napannenem/mez[a, B3$[TOMy CO 3HAKOM MI/IHyC, C€CJIn Tp01711<a
BCKTOpOB JicBasl.

3. (Gxb)-¢=d-(bx?).

4. Gbé=—-ach.

Takum O6p&30M, cCJii B CMCIIAHHOM IIPOU3BCACHHHN IMIOMCHATHL MCCTaMHU JIBa
BCKTOpA, TO 3HAK CMCHIAHHOI'O ITPOU3BCACHHUSA HN3MCHUTCA Ha HpOTHBOHOJIO)I(HBIﬁ
3HAK. ECJ’II/I KC B CMCIIIAaHHOM HpOI/ISBCI[eHI/II/I IIOMCHATH MCCTaMH BCC TpI/I BCKTOpa, TO
3HAK CMCIIIAHHOTI'O HpOI/I3BCI[€HI/I$I HC UBMCHUTC.

Tak Kak Tpu HEKOMILJIAHAPHBIX BEKTOpa B TPEXMEPHOM MPOCTPAHCTBE 00pa3y-
0T 6331/10, TO HA OCHOBAHHUA HepBOFO CBOﬁCTBa CMCHIAHHOI'O HpOI/IBBeI[eHI/ISI, IJIs1 40-
Ka3aTCcJIIbCTBaA HCKOMHJ’IaHapHOCTI/I BCKTOpOB WK JOKa3aTCabCTBa TOI'O, 4YTO TpI/I BCK-
Topa o0pasyioT 6a3uc HEOOXOIMMO IMOKa3aTh, YTO CMEIIAHHOE MPOU3BEICHUE TPEX
BCKTOPOB OTIIMYHO OT HYJLA.

ECJII/I CMCHIAHHOC ITPOU3BCIACHUC TpéX BCKTOPOB HMCCT HOJIO}KI/ITGJIBHBIﬁ 3HaAK,
TO 3Ta TpOﬁKa BCKTOPOB IIpaBas, HAa OCHOBAHHUHU BTOPOI'O CBOﬁCTBa. ECJII/I CMCIIAHHOC
IIPOU3BCACHUC OTPHUIATCIIbHOC, TO Tpofn(a BCKTOPOB ABJISICTCA HeBOﬁ.

PaccMoTpyM OpTOHOPMHUPOBAaHHBIN Oa3uc B = {i 5] ;k}. [Ipenmonoxum, 4To B
0asuce 3aaHbl BEKTOPBL d =a,i +a,j +a;k, b=bi +b,j +bk, c =cji +c,j +c,k.
Toraa cMenaHHOE NPOU3BEAEHUE BEKTOPOB OIPEAEsIeM 10 GopMyJie

al az a3
abé=b b, b, (7.1.1)
Cl Cz CS

I'eomeTpuyeckuii cMbICJ CMeNIAHHOTO Mpou3BeaeHusa. OOBEM mapaerne-
MUIe1a paBeH a0COMIOTHON BETMYMHE CMENIAHHOTO MPOU3BEICHUS TPEX BEKTOPOB d ,

b ¥ ¢, Ha KOTOPBIX OH IMOCTPOEH:
passcrnneoa = |GBE]. (7.1.2)
Paccmorpum nupamuny M M, M M, c¢ BepmmHamu B To4Kax M, (x;;y,;z,),
M, (x,;9532,), My(X3595523), M, (x,3,;2,). O0bEM nupamMusl V' BeIYMCIAETCSA 110
dbopmyiie
| | X=X =N ZH=%4
:g-‘M1M2M1M3M1M4 =—modiv —x y-y 7=z (713)

Xy =X Vo=V 2472

V==V

1
g' napan—oa
7.2 Ilpumepsl pelieHUs TUNOBBIX 3a/1a4

7.2.1 Bextopel a, b W ¢ B3aUMHO TEPHEHIUKYJSAPHBI, 00pa3yloT JIEBYIO
b|=4,

Tpoiiky u |d|=6, ¢|=2. Haittu ahc .

Pemiennie. Haliiém BEKTOp BEKTOPHOTO MPOU3BEAEHUA d xb . JlinHA 3TOTO
BEKTOpa PaBHA ‘dxb‘ :\de‘sin%" =6-4-1=24; dxb ld, dxb Lb; Bextopa a,
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b u dxb 00pasylT mPaBYIO TPOHKy. I10 YCIOBHIO BEKTOPBI d, b U ¢ 0OpasyioT
nesyto Tpoiiky. Cienoatensro, dxb T4 ¢, To ects L(ﬁx5;5)=1800. Haxonum
CMEIIIaHHOE IPOM3BE/ICHNE 3aJTaHHbIX BEKTOPOB
Gbé =(axb)-¢ =|axb|-[¢|- cos180° = =242+ (~1) =—48.

7.2.2 3anaus Bektops d(3;4;9), b(1;3;1) u ¢(5;6;2). Beranciurs dbé . Kako-

Ba OPUEHTALMS TPOMKU BEKTOPOB d, b U ¢ ?
Pemenne. Haxoaum cMemaHHOE IPOU3BEIEHUE BEKTOPOB d, b U C .

3 49
abé=|1 3 1|=3-3-2+44-1.5-1-6-9-9-3-5—4.1.2+1-6-3=—69<0.
56 2

TaK KaK CMEIIaHHOE IPOU3BEICHNE BEKTOPOB G, b U ¢ OTPHLATENBHO, TO Ha
OCHOBAHHH BTOPOT'O CBOMCTBA CMEIIAHHOTO MPOU3BENCHUS YKa3aHHbIE BEKTOPHI 00-
Pa3yIoT JIEBYIO TPOUKY.

7.2.3 Jlana nupamuia ¢ BeprumHamu B Toukax A(1;0;3), B(2:3;5), C(4;2;6) u
D(5;2;3). Beruncnutb 006EM niupamusibl ABCD .

1 3 2
Pemenue. V., = %Vmpme_mwm = émod(ﬂéﬂ?ﬁ) = lmod 3 2 3=
4 2 0

2 1
:émod(1-2-0+3-3-4+3-2-2—2-2-4—3-3-0—3-2-1)=gzg(lcy&ed).
7.2.4 Jlokasarth, 4TO BEKTOPHI & =21 + j — 3k, é,=3i +2j - 5k é,=1—j+ k
06pa3yioT Ga3Kc, 1 HANWTH KOOPAHHATHI BEKTOpa d = 6i + 2/ — 7k B 3TOM Gasmuce.

Pemenune. BekTopsl 00pa3yroT 6a3uc, eclny UX CMEIIaHHOE IPOM3BEACHUE OT-
JMYHO OT HyJs. BelynciisgeM cMeIaHHoe IPOU3BEACHUE BEKTOPOB €, €, U €,

2 1 3
eee, =3 2 -5=2-2-1-5-1-1+3-3-1+3-2-1-3-1-1-5-1-2=1=0.
I -1 1
CnenoBaTenbHO, BEKTOPHI €, €,, €, 00pasyloT 0asuc, U BEKTOp ¢ JIMHEHHO
BBIPAKACTCS Yepe3 Oa3UCHBIE BEKTOPBL: d = - €, + [+ €, + ¥ - €,, WU B KOOPAHUHATHOI

dbopMme mosiydyaeM CUCTEMY JIMHEHWHBIX YpaBHEHUM, KOTOPYIO pemuM 1o ¢opmyliam
Kpamepa.

20 +3+y =6,
a+2p—y=2,
Ba-50+y=-7.
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6 3 1 2 6 1 2 3 6
1 1

A=éee,=1,A=|2 2 -l=1,A,=[1 2 -l=1,A,=[1 2 2]|=1.
-7 =5 1 -3 =7 1 -3 =5 -7
A1 A, 1 A, 1
CnenmoBatensHo, o =—=-=1, f=—2=-=1, y=—2=-=1wm d=¢ +¢, +é¢,.
g T AN AN aTeTs

7.3 3aganus 11 pellleHUs] HA MPAKTHYECKOM 3aHATHH
7.3.1 Bexktopel a, b W ¢ B3aUMHO MNEPHEHIUKYISAPHBI, 00pa3yroT MPABYIO
b|=3,

TPOUKY M ‘ﬁ‘ =35,

5\ =7. Haiitu abc . YeMy paBHO CMENIAHHOE MPOU3BE/IC-

HUE BEKTOPOB d, b U €, €clii OHU 00Pa3yIoT JIEBYIO TPOUKY?
7.3.2 3agaHsl BeKTOpHI d(5;6;8), 5(3;1;2) 1 ¢(6;5;3). Boraucnuts abé . Kako-
Ba OPUEHTALIMS TPOEK
a)  (d;b;0); 0) (d¢b); B) (G:d3b)?
7.3.3 YCTaHOBUTB, 00PA3YIOT JIH BEKTOPBL G, b U ¢ 0a3HC B MHOXECTBE BCEX
BEKTOPOB, €CJIU:

a) a3:21), b(4L5) n ¢(2:3,-3); 6) a(1;43), b(3;1,0) u ¢(4:5;2).
7.3.4 JlokazaTh, 4TO OpH JIOOBIX d, b ud BEKTOPbI Zz—l;, b—¢ u ¢—ad
KOMILJIaHAPHBI.

7.3.5 Beiuucnute  00bEM  mupamuasl  ABCD, eciu AB=2i + J+ 3k,
AC=4i +5j+7k, AD=8( +2j +3k .

7.3.6 Beiuucnute 00BEM mHpamuabl C BepmimHamMu B Toukax A(3;1;4),
B(5;0;7), C(6;3;2) u D(4;9;5). YKazaTh OpUEHTAIIMIO BEKTOPOB AB, AC u AD.

7.3.7 lana nupamuaa c sepmrHamu B Toukax A(1;1;1), B(2;0;2), C(2;2;2) u
D(3;4;-3). Beruuciauth BeICOTY A = ‘ﬁ‘

7.3.8 Jlokas3ath, 4TO BEKTOPHI & =i + j+k, é,=i + ] +2k, &, =i +2j +3k
06pasyioT GasKc, M HAWTH KOOPAMHATHI BEKTOpa d = 6 +9/ + 14k B 3TOM Gasuce.

7.3.9 Jlokazate, uto uetbipe Touku A(1;2;3), B(2;6;5), C(4;3;3) u D(5;7;5)
JIEKAT B OJTHOM IJIOCKOCTH.

7.4 3aganus 1J151 KOHTPOJMPYEMOH CAMOCTOSITEJIbHOM PadoThI
7.4.1 Janel detelpe TOYKM  A(X;)5z), B(x,;3,2,), C(x33¥552z,) H

D(x,;y,;z,) B OpPTOHOPMHUPOBaHHOM 0a3uce {i; j;k} (Koopounamot mouex 01

Kaxcoozo eapuanma npueeoensl 6 3aoaue 5.4.1). Tpebyercs:
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a) IOKa3atk, 910 BekTopbl AB, AC u AD 06pa3yior 6asuc;
6) yKa3aTh OPHEHTALMIO BeKTOPoB AB, AC u AD;
B) HAWTH KOOpIAHHATHI BekTopa MN B Gasuce AB,AC, AD, ecnn M — Touka

nepecevyeHust Menuan TpeyroyibHuka BCD, a Touka N aenut pedpo AD momonawm;
I') BRIUUCTUTH 00BEM nupamuasl ABCD ;

1) BBIYUCIUTD JIJTUHY BBICOTHI /1 = ‘E‘ nupamusbl ABCD .

8 TIIPSAMASA HA IIVIOCKOCTHU
(mpakTHyeckue 3aHATHA 8§ —9)

Coaep:xaHue: ypaBHEHUE NPSIMON HA TUIOCKOCTH C 3aJaHHBIM HOPMAaJbHBIM
BEKTOPOM M MPOXOJSIei Yepe3 3aJaHHYI0 TOYKY; OOIlee ypaBHEHHE; BEKTOPHO-
napamMeTpUYeCKoe ypaBHEHUE; MapaMeTpUUYECKOe ypaBHEHHUE;, KaHOHHYECKOE YpaB-
HEHHE; YPAaBHCHUE MPSIMOM MPOXOAIIECH Yepe3 ABE TOUKHU; YpaBHEHUE MPSIMOM B OT-
pe3kax; ypaBHEHHE TIPSMOM € 3aJlaHHBIM YTJIOBBIM KOAGOUIIMEHTOM; HOPMAaJIbHOE
ypaBHEHHE, PACCTOSHHUE OT TOUKHU JI0 MPSMOM; B3aUMHOE PACIIOIOKEHHUE MPSIMBIX Ha
IIJIOCKOCTH.

8.1 Teopernueckunii MaTepuaJl Mo TeMe NPAKTUYECKOI0 3aHATHS

PaccmoTpum pa3nudHbie ypaBHEHHS MPSIMBIX Ha IJIOCKOCTU. B 3aBUCHMMOCTH
OT MapaMeTPOB, KOTOPBIE OMPEACSNIOT MOJ0KEHUE MPSIMOIN Ha MIIOCKOCTH, paccMart-
PHUBAIOT pa3JIMuHbIC YpaBHEHUS PSIMOM Ha TIIIOCKOCTH:

1) ypasnenue npsamoti ¢ 3a0aHHBIM HOPMATLHBIM BEKIMOPOM U NPOXOOsUlell ye-
pe3 mouxy (HopmanvHwuiti gekmop 1(A;B) — mo0oil BEKTOp, NMEepPHEHIANKYISPHBIN

npsimoit; M (x,,v,) 1 M(x,y) —3agaHHas ¥ IPOU3BOJIbHAS TOUYKA HA dTOU NMPSAMOMN):

A-(x—x))+B-(y—y,)=0; (8.1.1)
2) obwee ypasuenue npamoti (ipu ycnosun A+ B> > 0):
A-x+B-y+C=0; (8.1.2)

3) sekmopno-napamempuueckoe ypasHenue npamou (Hanpasiaowuil 6eKmop
§(m;n) — 110001 BEKTOP, NapajuieNbHbIA npsiMoit; M, (x,;y,)s M (x,y) —3anaHHas u
IPOU3BOJIbHAS TOYKA MPSIMOI C pafnyc-BEKTOpaMU 7, U ¥, COOTBETCTBEHHO; t € R —
napamerp):

F=Ty+t-5; (8.1.3)

4) napamempuueckue ypagHeHus NPAMOU:

X=X,+1-m,

(8:1.4)
Y=y, ti-n
5) KaHoHuyeckoe ypasHeHue nPAMou:
YT, (8.1.5)

m n
6) ypasuenue npamoii, npoxoosujeu yepes ose mouku M, (x;y,) 1 M,(x,;y,):

48



b BENP A B (8.1.6)
Xy =X NN
7) ypasuenue npsmoti 8 ompeskax (3HaYCHUE a PaBHO JUTMHE OTpPE3Ka, OTCEKa-
€MOTO TIPSIMOM OT och alcluce, 3HAYCHWE b pPaBHO JJIMHE OTpPE3Ka, OTCEKAeMOTO
MPSIMOU OT OCH OPJIMHAT, TO €CTh IpsiMas mpoxoAuT uepe3 Touku A(a;0) u B(0;b)):

Yo, (8.1.7)
a b

8) ypasHeHue npsamoti ¢ 3a0aHHbIM Y2N08bIM KOIDDuyueHmom u npoxoosuell
uepesz mouxy (IpsMas IpOXOAUT uepe3 Touky M (x,;V,) W 3aJlaH yrioBoil ko3¢ ¢u-

LUEHT OpsAMON k =tga, Tie @ — yroJyl HaKJIOHA IPSIMOM K OCH a0CIIUCC):
yv—y,=k-(x—x,); (8.1.8)
9) ypasuenue npamoii ¢ 3a0annvim y2n08vim K0d3gpuyuenmom (A1 NpsAMon
3a/laH yra0Bou K03QPUUUEHT £ , U mpsiMasi IpoXoauT uyepe3 Touky B(0;0)):

y=k-x+b; (8.1.9)

10) nopmanvroe ypasuenue npsmoti (7’ (cosa;sin ) — e AMHAYHBIA HOPMATIb-
HBII BEKTOP, HAIPABJIICHHBIM OT Hadajla KOOPAUHAT K MPSAMOU; p — PACCTOSIHUE OT
Hayajia KOOpAMUHAT 0 IPSAMOH):

xcosa + ysina — p=0. (8.1.10)

VYpasuenue (8.1.10) siBisieTcsl HOpMaJIbHBIM YPAaBHEHHEM MPSMOM MPHU BBIMOJI-
HEHHH JIBYX YCIOBHii: cos’ a +sin‘a=1; —p<0.

Jlns npuBenenust odmero ypaBHeHus npssmMon A-x+ B-y+C =0 k HOpMaJib-
HOMY BHJly HEOOXOAMMO YMHOXWTh O0O€ YaCTW YpPaBHEHHsS HA HHTETPUPYIOLIUN
MHOXUTENb U =t ————= npuuém u-C=<0.

A*+ B’

Paccmosnue om mouku M (x,;y,) 00 npamou l:A-x+ B-y+C =0 Bbuucisi-
eTcst o popmyiie
‘Axo + Byo +C ‘

VA4 +B
PaccMoTpuM citydan B3aMMHOTO PACIOIOKEHUS MPSAMBIX Ha MIOCKOCTH.
1. Yron ¢ mexny npameiMu Ax+By+C =0 u A,x+ B,y +C, =0naxonur-

p(My;1)= (8.1.11)

n, - fiz A A + BB,
cst 13 GOPMYJIIBI COSQ = ‘n \/A2 e \/Az s
4 _B G
YcnoBue napaiiesbHOCTU IPAMBIX: 7, || 1, <> I = BT C

B ciy4ae BBINIOJIHEHUS TIOCIEIHErO 3HaKa PaBEHCTBA IPSAMBIE COBIIAJAIOT.
YcnoBue NepneHIuKyasspHOCTH NPAMBIX: 7, -1, =0<> 4 A, + BB, =0.
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- X - X—X —
2. Yron ¢ Mexay IpsMBIMH L YTh g 2 = Y7V gaxomutes w3
m, n m, n,
s, -5, mm, +nn,
bopMyIbI cos@p = ———=- = — —
‘S1HS2‘ \fml +n -\fmz +n,
- m, n
YcnoBre napauieIbHOCTH IPAMBIX: S, || 5, <> —=—.
m, n
2 2

YcnoBue NepneHIuKyIApHOCTH NPAMBIX: S, -8, =0<«>mm, + nn, =0.

3. Yron ¢ Mexnay npsmbeIMU Y =kx+b u y =k,x + b, Haxoqurcs u3 GopMyIibl
kz N k1
1 +kk,

VYcnoBre mapauenbHOCTH NPAMBIX: k, =k, .

gy =

YcioBue NEpueHAUKYIAPHOCTH: k, -k, =—1.

8.2 Ilpumepsl pelieHUs TUNOBBIX 33124
8.2.1 3anucarh ypaBHEHUE MPSAMOW C 3alaHHBIM HOPMAJIBHBIM BEKTOPOM
71(6;8) u mpoxomsueit yepes Touxy M, (—1;—3). IIpuBectn olliee ypaBHEHHE TIPs-

MO¥ K 001IIeMy BUY U yKa3aTh PACCTOSHUE OT Hadaja KOOPAUHAT 10 TIPSIMOM.
Pemenne: Bocnonb3yemes ypaBuenuem (8.1.1): 6-(x+1)+8:-(y+3)=0. O06-

1ee ypaBHEHHE TpsAMoil uMeeT Bua: 3x+4y+15=0. Jlusg 3anucu HOpMaIbLHOIO

YpaBHEHUS NPSIMOM YMHOXXHM 00I1lee ypaBHEHUE MPSIMOW HA MHTETPUPYIOIIUIA MHO-

1 1
KUTCJIIb H=—"F—=——. Torz[a HOPMAJIBHOC YPaBHCHHUC HMCCT BHI!
NEEE

3 4 .
—gx -3 y—3=0. Paccrogaue oT Hauama KOOpANHAT A0 NPSIMOU paBHO p =3.

8.2.2 CocraBuTh ypaBHEHUE NpPSAMOU /[, KOTOpas IEpIECHIUKYJIpHA MPIMON
[:3x—7y+4=0 u npoxoaut yepe3 TOUKy M, (2;—5). Haittn paccrossHue OT TOUKH
M, no npsimotii /.

Pemenue. Io ycnosuto npsimele /| u | nepnenaukynsapHsl. Cll€A0BaTEIBHO, B
Ka4yeCcTBE HAIPABJISAIOIIEr0 BEKTOPA §, MPSIMOM /| MOXHO BbIOpaTh HOPMAJIbHBIN BEK-
TOp 7 (3;—7) npsMOM [/, Tak Kak OH MapajuielieH 3Tod npsMou. [ns cocTaBieHuUs
YPaBHEHHUs NPSMOM /| BOCIOIBb3yeMCs KaHOHMYECKUM ypaBHEHHEM mpsMoit (8.1.5):
x—=2 y+5

3 —7

Paccrosinue ot Toukn M, no npsmoi / HaxoauM 1o opmyie (8.1.11):

N P2-7-(-5)+4 45  45.58
p(My;1)= - ® .

N R ST B
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8.2.3 Haiitu ypaBHEeHUE NpsIMOM, MPOXOJAIICH Yepe3 ABE TOUKU M1(2; —3) u
M, (7;1). VkasaTh HalpaBISOLMA 1 HOPMAJIBHBII BEKTOP ITOl MPSMOX.
Pemenne. Bocnonb3dyemcst ypaBHEHUEM NIPSIMOM, NPOXOMISIIEH Yyepe3 IBE TOY-

ki (816 *Z2_Y*3
7-2 143

KaHnonnueckoe ypaBHEHHE TIPSMOW HMMEET BUJ

_9 R .
* s - 4 Z 3 C HAIpPABISIOINM BeKTOpoM S (5;4). OGliee ypaBHEHHE HPSIMON HMe-

eTBug 4x —5y —23 =0 c HOpMaJbHBIM BEKTOPOM 71 (4; —5).

8.2.4 Haittu IJI0IA/Ib TPEYTOJIbHUKA, OTPaHUYECHHOTO IpAMOU
[:3x+8y—24=0 u KOOpAUHATHBIMH OCSIMHU.

Pemenue. YpaBuenue npsiMmoit / B otpeskax (8.1.7) umeer Buj §+§:1, rae

a=8 u b=3 — oTpe3Kku, oTceKaeMble IpsiMol oT ocelt koopauHat Ox u Oy, cooT-
BETCTBEHHO. Takum 00pa3oM, MoyiydaeM MPsIMOYTOJBHBIA TPEYTOJIBHUK C KaTeTaMu

1
mmHO 8 U 3 (un. ed.). IInomans TpeyroapHuKa: S = 5 8-3=12(ks.€0.).
8.2.5 3anucars ypaBHEHUE NpsAMOH, KOTOpask IPOXOIAUT Yepe3 TOUKy M, (1;2)
1 06pasyet yron 45° ¢ npamoit y=2x+3.

k, -k,
1+ kk,
MEXKJy UCKOMOW M 3aJaHHOM NpSAMOM, k, =2 — yrJIoBOW KO3((GUIMEHT 3aJaHHOU

Pemenne. Bocnonb3yemcst dopmynon tg@ = , rie @=45" — yron

npAMoil, k, — yriioBoi ko3 QuIMEeHT UCKOMO npsamoi. Haxonum yriioBol ko3 g-

¢duueHT k, MCKOMOH MpSAMON U3 ypaBHEHHSA =2}, tg45’ umm k=2]_ 1, xo-
2 2
k,—2 k, =2
TOPO€ PAaBHOCUJIBHO JIBYM YpPaBHEHUSAM =lnu =—1. Pemas nosyuen-
1+ 2k, 1+ 2k,

Hbl€ ypaBHEHHMs, HaXOIUM JIBa BO3MOXHBIX YIJIOBBIX Ko3(duimenta k, =-3 u
1 .
k, =§. Hcnonb3yss ypaBHeHue y—y, =k -(x—x,) IOpsIMOH C 3aJaHHBIM YIJTIOBBIM

KO3 GULIMEHTOM U MPOXOAsIIeit yepe3 Touky (4.1.8), HaXoIUM ypaBHEHUS UCKOMBIX
MPSMBIX, YIOBJIETBOPSIIOUINX YCIOBHIO 3aa4u: y =—3x+5 wim y = A + % .
8.2.6 Haiitu yronm Mexnay mpsamod [ :3x—4y—-2=0 wu mnpsamonu
l,:5x+12y—22=0. Onpenenuts KOOPAUHATBHI TOUKH [IEPECEUECHUS NPSAMBIX [, U .
Pemenne. Yron mexay npsmMeIMU HauAEM Kak yrojl ¢ MEXIy HOPMaJbHBIMHU
BEKTOpaMH NpSAMBIX /| U [,, TO €CTb MEXIY BEKTOpaMH 7, (3;—4) 17§ ﬁ1(5;12), COOT-

BETCTBCHHO.
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cosQ = ot 35t (_4) 12 _.33 , Q= arccos(—ﬁJ T — arccos2
‘nl‘ ‘I’lz‘ ’ / + 122 65 65 65
VYron mexay npsmMbeIMH paBeH 77 — (7 —arccos33/65) =arccos33/65.
Jliig onpenesnieHrs: TOUYKU MepeceueHus MPSMbIX PEIIUM CUCTEMY YPaBHEHUM.
3x-4y-2=0, 3x—-4y=2,
WIN
Sx+12y-22=0 Sx+12y=22.
Pemum cucremy no gpopmynam Kpamepa:

4 2 -4 3 2
=56, A, = =112,A, = = 56.
22 12

3
A=
5 12 5 22‘

A _12_, A _56_

5 =

AT 56 7T AT 56
Touka nepecedeH st IpsIMBIX /, 1 [, uMeeT koopauHatsl M (2;1).

8.3 3amanus 1Ja penieHUsI HA MPAKTUYECKOM 3aHATHH

8.3.1 B 3amauax 8.3.1.1—-8.3.1.3 tpebyercs:

a) 3amMcarb ypaBHEHUE MPSMOM, IPUBECTH €ro K OOLIEMYy BUIY U MOCTPOUTH
MPSMYIO;

0) mpuBecTH 00llee ypaBHEHUE MPSAMONM K HOPMAJIbBHOMY BHUJY M YKa3aTh pac-
CTOSTHHE OT Hayaja KOOpJUHAT /10 MPSMOM.

8.3.1.1 Ilpsamas / 3anana Toukont M ,(3;—2) 1 HOpMAJILHBIM BEKTOPOM ﬁ(3;—4).

8.3.1.2 IIpsivast [ 3aaHa Toukoit M, (1;2) 1 HanparsorM BekTopom S (12;-5).

8.3.1.3 Ilpamas / 3amana nBymsa ceoumu Toukamu M, (5;8) u M, (13;14).

8.3.2 U3 Touku M (3;1) BBIXOAHMT JIyd CBETA MOJ yriioM ¢ =arctg3 k ocu Ox

U oTpaxkaeTcst oT He€. Hanucath ypaBHEHUS NAAAlOIEro U OTPAKEHHOTO JIyUei.
8.3.3 CocraBuTh ypaBHEHHE NIPAMOMN, KOTOpask IPOXOAUT 4Yepe3 TOUKy M (4;1)

1 OTCEKAET OT KOOPJAMHATHOTO yTJIa TPEYTOJIbHUK C IUIOIIAJIbI0 paBHOM 8.
8.3.4 3anana npsmas [:—3x+4y—1=0 n Touka M (5;3). TpeOyercs:

a) BBIYHUCIIUTH PACCTOSHUE OT TOUYKHU M|, 10 IpsIMOH [ ;

0) HamucaTh ypaBHEHUE MPSAMOH [, MPOXOIAIIEH Yepe3 TouKy M, napajieib-
HO MpsAMOH / ;

B) HallMCaTh ypaBHEHHE MPSMOU /,, IpOXOAALIEH Yepe3 TOuKy M|, MepreHau-
KYJISIPHO TIpsIMOH [ .

8.3.5 B 3agmauax 8.3.5.1-8.3.5.4 uccnenoBaTh B3aUMHOE PAaCIOJIOKEHHE 3a-
JaHHBIX npsMbIX [, 1 [,. Ilpu 3TOM B cilyyae mapajuleIbHOCTH HAWTU pacCTOSHHE

MCXKAY 3TUMHU NPAMBIMHU, a4 B ClIydac INEPECCUCHUS, HaUTH YIoJI MEXAY 3TUMHU IIPs-
MBbIMH U TOYKY HUX IICPCCCUCHU.

8.3.5.1 /:3x—2y—11=0, 1,:

x+2 y+4
4 6
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x+1 y-=-2

8352 1: 5 =25, x5y +36=0.
x=3 y-=-2
8.3.53 [ :4x—5y-2=0, [:2 2=-2"%
1 Y 20 3
8.3.5.4 zlzx;3=yT+2, L:3x—Ty+11=0.

8.3.6 Tpeyronbuuk ABC 3agaH KoopAMHATamMu cBoux BepwnH A(3;4),
B(7;7) u C(8;16). Tpebyercs:
a) HamMcaTh YpaBHEHHE CTOPOHBI AB;

9

0) HanucaTh ypaBHEHHE BbICOTBI CH W BBIYHMCIUTH €€ JJIUHY /1 = ‘CH

B) HaWTU yroa ¢ Mexay Beicotoir CD u meauanot AM ;

') HAaIUCaTh YpaBHEHUS OWCCEKTPHC BHYTPEHHETO W BHEIIHETO YTJIOB IPHU
BEpILINHE B.
8.3.7 Hanucarp ypaBHEHUE IPAMOMU, NMPOXOIALICH dyepe3 Touky M (3;2) mon

yriaom 7zz/4 x upsmoit ix=2—t, y=3+4t.

8.3.8 Hanucate ypaBHeHue mnpsmoi, mpoxonsamed uepe3 Touky A(l;4) Ha
OJIMHAKOBBIX paccTosiHusgx ot Touek B(3;7) u C(6;1).

8.3.9 Hanncatpe ypaBHEHUSI CTOPOH TpeyroyibHuka ABC , ecny 3a1aHa OJHA U3
ero BepuinH A(7;13), u ypaBHeHus AByx MequaH x —5=0u 4x—-3y—-3=0.

8.3.10 Hanucatrs ypaBHEHHUSI CTOPOH TpeyrojibHuka ABC, ecnu 3aJaHa oaHa
u3 ero BepunH B(1;1), u ypaBHeHuUs OByX BbICOT 2x+y—23=0u 4x—-3y—-11=0.

8.3.11 YpaBHeHne oaHON U3 CTOPOH HEKOTOPOTO yrina 2x—9y—-3=0, a ypas-
HeHue ouccekTpucel 4x —y +11=0. HaliTu ypaBHEHHE BTOPOI1 CTOPOHBI yTiIa.

8.3.12 Hanncarps ypaBHEHHsI CTOPOH TPEYrOJIbHUKA, 3HAsI KOOPAUHATHI OJHOU
u3 ero BepmvH A(4;5), a Takxke ypaBHeHUs1 OMCCEKTpUCHL 4x —3y +5=0 U BBICOTHI

3x—4y—15=0, xoTOpbl€ MPOBEJICHBI U3 OJJHON BEPLINHBI.

8.3.13 Hanncars ypaBHEHHMSI CTOPOH TPEYrOJIbBHUKA, 3HAas OJHY €r0 BEPIIMHY
B(6:;9), a Taxxe ypaBHeHus Menuanbl x —3y+13=0 u BbicOTHI X + y —7 =0, npo-

BEIEHHBIX U3 PA3JIMYHBIX BEPIIUH.
8.3.14 Hanucatb ypaBHEHHSI CTOPOH TPEYTOJbHUKA, 3HAsI OJJHY U3 €ro BEPIINH
C(;5), a Takxke ypaBHeHus wmeauaHbl 3x+4y—25=0 u OHUCCEKTPUCHI

x—3y+4=0, npoBeAEHHBIX U3 PA3JTUYHBIX BEPILIHH.

8.3.15 B tpeyronburke MNP paubl ypaBHeHUs cTOpOHBl MN x+7y—6=0u
ouccektpuc x+y—2=0u x—3y—6=0. HaifTu koopaArHATHI €r0 BEPIIHUH.

8.3.16 Haiitu Touky, cummeTpuunyro Touke N(1;7) oTHOCUTENBHO MHPSIMOi
2x=5y+4=0.

8.3.17 JIBe cTOpOHBI KBajpara jgexar Ha npsMbeix: x+y—2=0, x+y+2=0.

Beraucnuth miomaas 3a1aHHOTO KBajpaTa.
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8.4 3ajanus 119 KOHTPOJMPYEMOH CAMOCTOATEIbHON PadoThI
8.4.1 lans! xoopauHaTHl BepMH TpeyroapHuka ABC: A(x;;y,), B(x,;y,) u

C(x;;,). Tpebyercs:
a) 3amucarhb o01Iee ypaBHeHHE psiMon 4B ;
0) HallTH KaHOHWYECKOE ypaBHeHUE nipsimoit BC ;

B) HaliTU ypaBHeHUE BbICOTHI CH U BBIYUCIHUTH €€ UTUHY /1 = ‘CH

;

I') HAalTH ypaBHEHHE Meauanbl AM ;

1) HAUTU TOYKY mepecedeHuss meauansl AM u BbicoThl CD, a Takxke yroiua
MEXKY. BBICOTOM U MEIMAHOM;

€) BBIYHUCIIUTh paccTOAHHE OT ToUku C 110 IpsiMoi AB ;

’K) HaIMcaTh ypaBHEHHUS OMCCEKTPUC BHYTPEHHETO M BHEIIHETO YIJIOB IPHU
BepIInHE 4.

8.4.1.1 « A(L-1),B(42),C(3;-5). 8.4.1.2 A(6;—4), B(410), C(—4;2).
8.4.1.3 A(-7;4), B(5-5),C(-7,-2). 8.4.1.4 A(4-5), B(-3;1), C(10;,-2).
8.4.1.5 A(-3;5), B(4,0),C(-2;,-6). 8.4.1.6 A(-7.—4), B(3;2),(C(0;2).
8.4.1.7  A0;7),B(-2;4),C(1;-3). 8.4.1.8  A(-3;1), B(0;4), C(2;5).
8.4.19 A(44), B(6;8),C(-3;-2). 84.1.10  A(-1;4), B(9;5), C(1,0).
8.4.1.11  A(L6), B(6;1),C(—2;-3).  8.4.1.12  A(7:3), B(1,10), C(4;-3).
8.4.1.13  A(2;5), B(-3;—4),C(7;6). 8.4.1.14  A(511), B(4;,—1), C(3;9).
8.4.1.15 A(6;-5), B(-8,—1),C(3;5). 8.4.1.16  A(5:2), B(7;3), C(4;-3).
8.4.1.17  A47),B(5-5),C(48). 8.4.1.18 A(6;-3), B(-7;1), C(—4;5).
8.4.1.19 A(L-2),B(47),C(3;-8).-  8.4.1.20 A(3;-5), B(-5;4), C(2;-6).
8.4.1.21 A9;-5), B3;—-1),C(-6;4). 84.1.22  A(6;,-5), B(1;1), C(3;0).
8.4.1.23 A(8;), B(0;-1), C(3;7). 8.4.1.24  A(2;-1), B(3;1), C(4,—4).
8.4.1.25 A(1;-6), B(-3;-1),C(1;5). 8.4.1.26  A(8;,—10), B(=5;7), C(-3;8).
8.4.1.27 A(5:11), B(10;12),C(12;9). 8.4.1.28 A(4;-5), B(=5;6), C(6;—4).
8.4.1.29 A(10;2), B(12;5),C(3;—4). 8.4.1.30  A(5;,—6), B(-3;2), C(4;]).

9 IINIOCKOCTSB B ITPOCTPAHCTBE
(mpakTu4eckoe 3anstue 10)

ConepskaHue: ypaBHEHHE TUIOCKOCTH C 33JIaHHBIM HOPMAaJbHBIM BEKTOPOM U
MIPOXOJISIIIIEH Yepe3 TOUKY; 001ee ypaBHEHHE ITIOCKOCTH U €ro UCCIIEIOBAaHUE; YpaB-
HEHUE TIOCKOCTH, MPOXOAAIIEH Yepe3 TPY TOUKHU; YPABHEHUE TJIOCKOCTH B OTPE3KaAX;
HOPMAJIbHOE YPABHEHUE TIJIOCKOCTH; PACCTOSHUE OT TOUKHU JO IUIOCKOCTH; B3aUMHOE
PACIIOJIOAKEHUE TUIOCKOCTEN.

9.1 Teopernueckuii MaTepuaJI O TeMe NPAKTHYECKOI0 3AaHATHS

PaccMoTpuM pasnuyHble YpaBHEHUs IJIOCKOCTEM B IIPOCTpaHCTBE. B 3aBucu-
MOCTH OT IIapaMeTpPOB, KOTOPBIE ONPEAEIAIOT MOJOXKEHUE IIIOCKOCTU B IPOCTPaH-
CTBE€, PaCCMATPUBAIOT PA3JIMYHbIC YPABHEHUS IIIOCKOCTEN:
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1) ypasnenue niockocmu ¢ 3a0aHHbIM HOPMATLHBIM BEKMOPOM U NPOX0Oaujel
yepez mouky (HopmanvHulil eekmopn(A; B; C)) — moOoil BEKTOp, MepHeHIUKYISIp-

HBII IIOCKOCTH; M ((Xy;V,:2,) U M(x;y;z) — 3aJaHHas U NPOM3BOJIbHAS TOYKA HA
3TOM IJIOCKOCTH):

A (x=x)+B-(y—y,)+C-(z—z,)=0; (9.1.1)
2) obwee ypasuenue niockocmu (npu yenosun A° + B> +C* >0):
A-x+B-y+C-z+D=0; (9.1.2)

3) sekmopno-napamempuueckoe ypasHenue niockocmu (Hanpasisaowue Gex-
mopwl-p(p,; Prs P3)» G(4q,359,;9,) — N00ObIEe 1Ba HEKOJUIMHEAPHBIX BEKTOpPA, Iapall-

JEIBbHBIE TIOCKOCTH; M (X);V,52,), M(X;y;z) — 3anaHHas W NPOU3BOJIbLHAS TOYKA
TUIOCKOCTH C PaJINyC-BEKTOPAMHU 7, M ¥, COOTBETCTBEHHO; & € R, f € R — mapamer-
pBI):
r=r,+a-p+p-q; (9.1.3)
4) napamempuueckue ypasHeHus nio0CKOCMU:
X=Xy +a-p+p-q,

y=y,ta-p,+p-q,, (9.1.4)
Z=z,t0a-p;s +ﬂ’%;
5) ypasnenue NJ10CKOCMU, npoxoosuyeti uepes mpu MOYKU

M (x;y:;z),i=1,2;3:
X=X Y= Z-Z
X=X V=¥ z,—z|=0 (9.1.5)
X=X V3=V Z2—2%
6) ypasnenue niockocmu 6 ompeskax (3HA4EHNE a PaBHO JUIMHE OTPE3Ka, OT-
CEKacMOTI'0 IINIOCKOCTBO OT OCH a6CI_[I/ICC, 3Ha4yeHue b pPaBHO TJIMHC OTPEC3Ka, OTCCKaA-

€MOT0 IUIOCKOCTBIO OT OCH OPJIMHAT, 3HAYEHUE ¢ PABHO JIJIMHE OTPE3KA, OTCEKAEMOTO
TJIOCKOCTBIO OT OCH amIlJIMKAT, TO €CTh IJIOCKOCTh MPOXOAUT yepe3 Touku A(a;0;0),
B(0;5;0) u C(0;0;¢)):
S A (9.1.6)
a b c
7) HopmanvHoe ypasHenue niockocmu (BEKTop 7’ (Cos ar;cos [3;C0S ¥) — ean-
HAYHBIA HOPMaJIbHBIM BEKTOP, HAIIPABIICHHBIM OT Hayaja KOOPAUHAT K IJIOCKOCTH; P

— paccTosiHUE OT Havayia KOOPJMHAT JI0 MJIOCKOCTH):
xcosa+ycosf+zcosy—p=0. 9.1.7)

VYpasaenne (9.1.7) sBusieTcss HOPMAIBHBIM YPaBHEHHEM IIJIOCKOCTH TIPU BHI-
. 2 2 2
MOJTHEHUU JIBYX YCIOBHH: c0s™ & +cos” f+cos” y=1; —p <0.
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Jlna npuBeneHus: oouero ypaBHeHust mwiockoctu A-x+B-y+C-z+ D=0
HOpMaJIbHOMY BHUJy HEOOXOJMMO YMHOXXHUTh 00€ YaCTH YpaBHEHHs Ha UHTEIPUPYIO-

U MHOXUTENb [ = , mpuuéM u-D<0.

: A +B+C
Paccmosinue om mouku M ,(x,;¥,;2,) 00 nirockocmu 7w:Ax+By+Cz+ D=0
BBIUMCIIAETCA 110 hopMyIie
Ax,+By,+Cz,+ D
(i, m) =2 — ]
\/ A"+B°+C
Yron ) MEXAY  IJIOCKOCTIMU 7w Ax+By+Cz+D =0 u

(9.1.8)

w,: Ax+B,y+C,z+ D, =0 paBeH yriay Mexay HOpMaJbHBEIMH BEKTOPAMHU IUIOCKO-
CTEM, a, CIIEZI0BATEIBHO, €T0 MOYXKHO ONPEIENIUTh 10 (popmyIie
nony AA, + BB, +CC,
17, |7, \/Af +B>+C? -\/A2 +B}+C;
4 B C D
VYciioBue napauleabHOCTH INIOCKOCTER: 7, || 1, > — = — = —
4, B, C D

B ciy4ae BBINIOJIHEHUS IOCIEIHErO 3HAKA PABEHCTBA IUIOCKOCTH COBIAJALOT.
YcnoBue — NEpHEHIUKYISAPHOCTH  ILUIOCKOCTEM: nln,<n-n=0

<> A4, +BB,+CC,=0.

(9.1.9)

cos¢@ =

9.2 Ilpumepsnl penieHnsi TUNOBBIX 32124
9.2.1 Hanucate ypaBHEHHE IIIOCKOCTH 7,, IPOXOMALICH Yepe3 TOUYKY

M, (2; 1;3) napajuieNIbHO TJIOCKOCTU 77 :2Xx—6y+3z+1=0. Beruncnurs paccrosinue

MEK]y TUIOCKOCTSIMH.

Pemenne. Tak Kak MIOCKOCTU MapajijiedbHbI, TO HOPMaJIbHbIE BEKTOPHI SBJIS-
I0TCSl KOJUTMHEapHbIMU. ClieI0BaTeNIbHO, B KAYECTBE HOPMAJILHOT'O BEKTOPA IMJIOCKO-
CTU 77, BBIOMpPAaeM HOPMAJIbHBIM BEKTOP MJIOCKOCTH 77, TO €CTh HOPMAJIbHBINA BEKTOP

IUIOCKOCTH 77, UMEET KOOPAUHATBL: 7, (2;—6;3). Bocnonb3zyemest ypaBHEeHUEM TLIOC-
koctu (9.1.1): 2-(x—2)—6-(y—1)+3-(z—3)=0 umu 2x—-6y+3z—-7=0.
PaccrosHune MeXay IUIOCKOCTAMU HaWaEéM Kak pacCTOSIHHME OT TOYKH
M, (2;1;3) JI0 TUTIOCKOCTH 77 :2Xx—6y +3z+1=0 mo popmyie (9.1.8):
‘2-2—6-1+3-3+1‘
plrsn)=p(M,;7)== =—.
(mim)=p(Myi7) J2 (6P +3 T

9.2.2 HaiiTu ypaBHEHHME IUJIOCKOCTH, TMPOXOIAIIECH Yepe3 TpU TOUYKH
M1(3;4;5), M2(5;7;9) u M3(6;8;6). OnpenenuTs yroja Mexay MoJTy4eHHOU Mioc-

KOCTBIO ¥ TIJIOCKOCTBIO 77, 3aJaHHOM B 3amaue 9.2.1.
Pemenne. Haxonum ypaBaenue ninockocta M M, M, UCTIONb3ys ypaBHEHHUE

MIJIOCKOCTH, TIPOXO/slel yepe3 Tpu Touku (9.1.5):
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x-3 y—4 z-5
2 3 4 |=0 mwm 13x—-10y—z—-4=0.
3 4 1
Onpenenum yron Mexay IMIOCKOCTbiO 13x—10y—z—4=0 u NJIOCKOCTHIO

2x—6y+3-z—7=0. Yroa mMexay IUIOCKOCTAMU HAXOJHM KaK yTrOJl MEXIY HOp-
MaJIbHBIMU BEKTOpPaMH ITOCKOCTeH o popmyie (9.1.9):

— —

N Mot 13-2+(=10)-(=6)+ (=1)-3 _ 83
JI32 4+ (107 + (=17 22 + (-6 +3 21430

cosQ =

—

n

a

' ‘anMzMs

Toraa yroy Mexay MIOCKOCTSIMU PABEH 3HAYEHUIO ¢ = arccos 83 :
21330
9.2.3 Hanucate ypaBHEHME IUIOCKOCTH, Npoxoisuien yepes T1ouky M, (1;2;3)
napasuiesnibHo BekTopaM d(3;5;7) u ¢(4;1;3).
Pemiennie. BekTopbl ¢ U ¢ mapaienbHbl MIIOCKOCTH, a, CIEI0BATEIbHO, BEK-
TOP UX BEKTOPHOTO MPOU3BEACHUS OYJET NEPIEHAUKYISPEH MIJIOCKOCTH U €T0 MOYKHO
BBIOPATh B KAYECTBE HOPMAJILHOTO BEKTOPA.

—

308
k=87 +197 17k .
4 1

iJ
i=dxc=3 5 7|= i j+
173 |4 3
4 1

3

Bocnonb3yemcst ypaBHeHHEM II0CKOCTH (9.1.1):
8- (x—1D)+19-(y—2)—-17-(z—3)=0 nmu 8x+19y—-17z+5=0.
9.2.4 Borunciuth 00bEM IUPaMUJIbl, OTPAHUYECHHON KOOPIMHATHBIMU IIOCKO-
CTSIMH M TUNIOCKOCTBIO 77: 3x —4y+62z—-24=0.

5 17 F qf

Pemenue. 3anumiem YPaBHCHHUC IINIOCKOCTU 77 B OTPEC3KaX, TO €CTh BOCIIOJIbB3Y-

eMcsl ypaBHeHUEM TutockoctH (9.1.6): % Ly Z =1. Torna

I/nupzmtudbz - S, ocrosanus H=

%'8'6'42320(6.60.).

W | —
UJI»—O\

9.3 3aganus AJiM1 pelIeHUs HA MPAKTHYECKOM 3aHATHH
9.3.1 Hanucate ypaBHEHHE IIIOCKOCTH 7,, IPOXOIALIEH Yepe3  TOUYKY

M, (4; 2;5 ) napasuiesbHO IockocTu 77 :12x —3y+4z—13=0. Beruuciauts paccros-

HHE MEXTy TIOCKOCTSMM.
9.3.2 Hanucarb ypaBHEHHE IUIOCKOCTH, HpoXosiiell depes touxky M, (1;2;3)

napaiuiensHo BekropaM d,(0;1;2) u a,(—1;0;1).
9.3.3 Hanucarb ypaBHeHHE ILIOCKOCTH, HPOXOsieil depes Touku M, (2;5;4)

u M2(4;8;3)Hapanﬂean0 BekTopy a(3;2;7).
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9.3.4 Hanucatp ypaBHEHHE IUIOCKOCTH 7,, IPOXOJAIIEH dYepe3 TOYKU
M,(3;4;5) uM,(1;-3;0) mepreHIuKyIIPHO MWIOCKOCTH 77:2x —3y+5z—3=0.

9.3.5 Hanucate ypaBHEHHE IUIOCKOCTH, MPOXOIAIIEH 4YEpPe3 TPU TOUYKHU
M,(1;2;0), M,(3;0;1) u M,(2;1;1).

9.3.6 Borunciute 00bEM MHUPaMUIbl OTPAHUYEHHON KOOPAUHATHBIMU IJIOCKO-
CTAMHU U IUIOCKOCTBIO 77: Sx—3y—7z+105=0.

9.3.7 B 3agauax 9.3.7.1-9.3.7.3 uccinegoBarb B3aMMHOE PacCIOJIOKEHUE 3a-
JAHHBIX IIJIOCKOCTEH 7, U 7,. [Ipu 5TOM B Cily4ae nmapajuleIbHOCTH HAiTH PaccTos-

HHE MEX[Y IUIOCKOCTSMH, a B CIIy4ae NePECeUeHUs, HAUTH Yol MEKAy 3TUMH I1JI0C-
KOCTSIMU.
9371 7, :2x-3y+6z-5=0, 7,:12x+3y—-4z-19=0.

9.3.7.2 7,:12x—8y+32-25=0, z,:=-2+Z=]
2 3 38
9.3.7.3 7,:20x+15y —122—60=0, ﬂ2:§+§—§:1

9.3.8 Hanucath ypaBHEHHUs TJIOCKOCTEH, ACIANIUMX MOIOoJaM JBYIPaHHBIC YT-
Jbl, 00pa30BaHHBIE INIOCKOCTAMU 77, : X —3y+2z—-5=0u 7,:3x—2y—z+3=0.

9.3.9 Hanucate ypaBHEHHME IIJIOCKOCTH, PABHOYAAIEHHOM OT JABYX 3aJaHHBIX
IJIOCKOCTEN 77, :4x—y—2z-3=0u 7,:4x—y—2z-5=0.

9.4 3aganus 1J51 KOHTPOJIHPYEMOH CaMOCTOATEIbHOI Pa0d0ThI
9.4.1 Tanel 4yetelpe TOYKU  A(X;3)52), B(x,;3,:2,), C(x35)552z,) 1

D(x,;y,;z,) B OpPTOHOPMHUPOBaHHOM 0a3uce {i; j;k} (Koopounamot mouex 01

Kaxcoozo eapuanma npueedensl 6 3aoaue 5.4.1). TpebGyercs:

a) HaliTK ypaBHeHue miockoctu ABC ;

0) HallTH HOpMAaJIbHOE ypaBHEHUE TUIOCKOCTU ABD 1 yKa3aTh pacCTOSHUE OT
ATOM MJIOCKOCTH J0 Hayajia KOOPAUHAT;

B) HAliTU ypaBHEHHUE IUIOCKOCTH, KOTOpas MapajijiebHa BEKTOpaM AD u BD u
MPOXOIUT Yepe3 TOUKy C';

I') BRIUUCITUTH PacCTOsSIHUE OT Touku D 10 mockoctu ABC

1) HAWTHU YToJl MKy MI0CKOCThI0 ABD u mnockocthio ABC .

10 IIPSAMASA U ITVIOCKOCTD B ITIPOCTPAHCTBE
(mpakTuueckoe 3anstue 11)

Conepskanue: BEKTOPHO-ITAPAMETPUUYECKOE YPABHEHHE MPSMOW, NapamMeTpu-
YECKOE YpaBHEHUE IPSAMOM, KAHOHUYECKOE YPAaBHEHUE IIPSMON, YpPaBHEHUE IIPSMOH,
MPOXOSIEl Yepe3 BE TOUKH, YpaBHEHUE MPAMON B OTpe3Kax, olliee ypaBHEHUE
IIPAMON U €€ NPUBEICHUE K KAHOHUYECKOMY BUlY, B3aUMHOE PACIOJIOKEHUE MPSAMBIX
B IIPOCTPAHCTBE, B3AUMHOE PACIOJIOKEHUE IIPAMOU U IIJIOCKOCTH B IIPOCTPAHCTBE.
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10.1 Teopernueckuii MaTepuaJ o TeMe MPAKTHYECKOI0 3aHATHS
PaccMmoTpum pasnudHble ypaBHEHHU IPSMBIX B IPOCTpaHCTBE. B 3aBucumocTu
OT NapaMeTpPOB, KOTOPBIE ONPEAEISIOT IOJIOKEHUE IPSIMOM B IPOCTPAHCTBE, pac-
CMaTPUBAIOT Pa3JIMYHbIC YPABHEHUS IIPSIMOM:
1) obwee ypasnenue npsamoii 6 npocmpancmee:
Ax+By+Cz+D, =0,
Ax+B,y+C,z+ D, =0;
2) eekmopHo-napamempuyeckoe ypasHenue npAmou (Hanpasiaowui 6eKmop
s(m;n; p) — MOO0H BEKTOP, NapauIeNbHbIi OpsamMol; M (Xy;v,;2,), M (x;y;z) — 3a-

(10.1.1)

JaHHasl ¥ NIPOU3BOJIbHASL TOUYKA MPSIMOH, ¢ palyC-BEKTOpaMH 7, U 7, COOTBETCTBEH-
HO; t € R — mapamerp):

F=r1+t-s; (10.1.2)
3) napamempuyeckue ypasHeHusi NPAMOL:

X=X,+1t-m,

Y=Y,+t-n, (10.1.3)

z=z,+1:p,
4) kanoHuuecKue YpasHeHUus: NPAMOU:

XX VTN _Z75. (10.1.4)
m n )%

5) ypasnenue npsamoti, npoxooswei yepes ose mouku M (x;y,;z),i=1;2:
TN _YTh _Z7E (10.1.5)
X=X N =N ZH—4
X7 _ VTN 2T AT VTN 275
m n 2 m, n, P>
COBIIAJIAET C YIJIOM MEXIY HaIlpaBJIAIOIIMMU BeKtopamu S, (m,,n, p,) U S,(m,,n,, p,).

Yron ¢ Mexay npsMbIMH

CnenoBaTenbHO, yroa MeX Iy IPSMBbIMU HAXOAUTCS U3 (POPMYJIBI
8-, _ mm, +mn, + p\p,
5,][52| \/mlz +n + py \/m22 +n5 + p;
m_on_ b
m, n, p,
YcnoBue neprneHuKyJIapHOCTY NpAMbIX: S, L S, <> mm, +nn, + p,p, =0.
X=X VY=V _Z27%

m n p

e (10.1.6)

VYciioBue napauienbHOCTH NPAMBIX: S, || 5, <>

Yron © wMexay nOpsSMoi U  IUIOCKOCTBIO

A-x+B-y+C-z+ D=0 coBnagaer ¢ yrjioM MEXIy HaIpaBISIONUM BEKTOPOM
S (m;n; p) mpsaMoi U HOpMaTbHBIM BeKTOpoM 7#i( A; B; C)mnockoctu. CnenoBarenbHO,
YTOJI MEXKTy IPSIMOM U TIJIOCKOCTBIO HAXOAUTCS U3 (POPMYJIBI
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‘§-ﬁ‘ B ‘mA+nB+pC‘
5]-7| \/m2+n2+p2-\/A2+BZ+C2.
VYcnoBre mapamaeabHOCTH IPSMOM U IIIOCKOCTU: § L 7 <> mA+nB+ pC=0.

sin® = (10.1.7)

. - m _n
YcnoBue NeprneHIuKyISpHOCTH NIPSIMOM U IUNIOCKOCTH: S || 7 > —=—= £
A B C

10.2 IIpumepsl pelieHusi TUHIIOBBIX 32124

10.2.1 Hanmucate ypaBHEHWE MEPIEHAMKYJSPA, ONYIMIEHHOIO W3 TOYKHU
M, (5;=1;7) na miockoctb 4x+7y—9z+3=0.

Pemienne. Tak kak ypaBHEHHE IPSMOM SBIIETCS NEPIECHINKYJIAPHON 3aJaHHON
MJIOCKOCTH, TO B KaueCTBE HAMPAaBISIOLIETO BEKTOpa MPSMOM BBIOMpAaeM HOpMaib-
HBI BEKTOP IUIOCKOCTH: 1 (4;7;—9)=§ . Mcrionp3ysl KaHOHMYECKOE ypaBHEHUE IIpsi-

x=5 y+l z-7
7 -9
10.2.2 Haiitu TOYKy nepecedeHus: NpsAsMol / W MIOCKOCTH 7, 3alKcaB ypaB-
HEHUE NMpsSMON /| B KAHOHUYECKOM BHJIC, €CITU 3a/IaHbl YPaBHEHUS MPSMOU U IIOCKO-
CTH.

Mot (10.1.4), monydaem UCKOMOE ypaBHEHUE MPSIMOIA:

3x+4y—-6z—-11=0;
2x—=3y+9z+4=0,

Pemenue. 3anumiem ypaBHeHUE HpsiMod /| B KaHOHMYECKOM Buje. s ompe-
JIEICHUS] TOYKU, KOTOpasi MPUHAJICKUT MPSIMOU, TIPEANOI0KUM, YTO OJHA U3 Tepe-
MEHHBIX paBHa Hymo. Hanpumep, nycts z=0. B pe3ynbrare npuxoguMm K CUCTEME
13 JIBYX YPaBHEHUHU C ABYMS HEU3BECTHBIMH:

3x+4y=11,
2x-3y=-4.

Pemenne cucremsr x =1, y=2. Takum o0pa3om, Touka M0(1;2;0) MpUHA/I-

w:x+4y—z—-4=0.

JEXKUT MpaMoit /. B xauecTBe HaIpaBISIIOIIEr0 BEKTOpA MPsIMOM / BO3bMEM BEKTOP
BEKTOPHOT'O ITPOU3BEICHUS HOPMAJIbHBIX BEKTOPOB ILUIOCKOCTEW, KOTOPBIE 3aJar0T
NpsMYIO /.

i j k
S=nxi,=|3 4 —6|=18 -39/ —17k.
2 -3 9

x—1 -2 z
A = . Jorst
-39 -17
ONPEIEIICHNUS] TOUKU IIepEeCcCeUYeHUs MPSIMOM U IUIOCKOCTH 3allUIIEM ypaBHEHUE IIpsi-
MOW B ITapaMETPUYECKOM BUJE:

Torna ypaBHeHHEe TIpsiMOil [ B KAHOHUYECKOM BUJIE:
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x=1+18t¢,
y=2-39,
z=-17t.

HOI[CT&BJIHSI ICPEMCHHBIC X, Y U Z B YPABHCHHUC IINIOCKOCTH 7, HAXOJAUM

sHadyeHue mapamerpa /: z:1+18t+4-(2-39%)+17t—4=0, t:%. [ToacTaBss

3HAUYEHHE MapaMeTpa ¢ B MOCIEIHIO CUCTEMY, ONPEAesieM KOOPAUHATHI TOUKHU Ie-

peceyeHust npsiMoil [ ¢ MITOCKOCTBIO 7T : M0(21%21;4%21;_8%21).

x—=2 y+5 z-8
3 2 -1

)51

10.2.3 Haiitu  yron  Mexay NOpsAMbIMH [ :

x=7 'y z+8
L: == .
5 -2 0
Pemenne. Yron mMexay npssMpIMU HalJIEM Kak yroJl MEXKIy HaIpaBISIIOIIAMU
5,5, 3.-5+2-(-2)-1-0 11

Sl 3221y (27 +0° 406

BEKTOpaMHU MPSAMBIX: ~ COSQ =

11
=/([;l,)=arccos .
% (1 2) (mj

4 —
10.2.4 Haiitu yron mexay npsmon [: x4 _y+3_z-9

1 2

H IINIOCKOCTBIO

7:4-x+7-y+z-12=0.

Pemenne. Yrom Mexay mnOpsMol U IUIOCKOCTBIO HaaéMm 1o (dopmyie
‘§-ﬁ ‘mA+nB+pC‘
5|7 \/sz+nz+p2 NA+ B +C
MQJIBHBI BEKTOP IUIOCKOCTH W HAIPABJISIIOIINN BEKTOP HPSIMON, COOTBETCTBEHHO.
Haxonum cuHyc yrima Mexay 3aJaHHOM mpsModl [/ M TUIOCKOCTBIO 7T :

|s-a| 1-4+2-7+3-1 21
S|l P23 @ e e? 24231

, TIe ﬁ(A;B;C) u §(m;n;p) — HOp-

sin® =

sin® = . Torma yrom mexny npsimont [

21
M IIJIOCKOCTBIO 77 paBeH: ® = /([;7)=arcsin .
P ( ) (2\/2 1]

10.3 3apanus 1JiA penieHusi HA MPAKTUYeCKOM 3aHATUH
10.3.1 HantucaTh KaHOHWYECKUE YpaBHEHUS MPSIMOU, MPOXOAsIIeil yepe3 ToU-

Ky M,(1;2;3) napasmiensHo:

a) sexkropy a(0;3;2); 6) ocu Oz; 0) mpsimoit x=4+3¢, y=2—-t, z=Tt,;
2x=3y—4z+5=0,
3x+4y+2z-9=0.

B) MIPSMOM X=5_y_z%6. T) OpsIMOit
p 3 7 5 p
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10.3.2 HanucaTte ypaBHEHHE NPSIMOM, MPOXOAAIIEH Yepe3 [JBE TOYKHU
M,(3;0;2) m M,(3;5-2).
x=1_ 'y z+1

10.3.3 3anana npsmas [ : % "3 = - U TOuKa M, (3;1;4). TpeOyercs:
a) HaMKUCaTh ypaBHEHUE IUIOCKOCTH, MPOXOIAIICH depe3 MpsMyto /[ U TOUKY
M, (3; I 4) ;

0) HamucaTh ypaBHEHHUE INIOCKOCTH, IPOXOAIIEH Yepe3 TouKy M, mepreHau-
KYJISIPHO MIPSIMOi [ ;

B) HAIlMCaTh ypaBHEHHE NEPICHIUKYIISAPA, OMYIICHHOIO U3 TOYKH M, Ha mps-
My10 [}

I) HAWTU KOOPIAHMHATBI TOUYKH M|, KOTOpas CUMMETPHYHA TOYKe M, OTHOCH-

TEJIBHO NPAMOM / ;
1) BBIYUCIUTD PACCTOSAHUE OT TOUYKH M, 10 IpsIMOH /.

10.3.4 3anana IJIOCKOCTh r:2x—6y+3z—-17=0 u npsmas
x=1 y z+1
— === . TpeGyercs:
3 4 12 L

a) IPOBEPUTh, IPUHAJICKUT JIM IpsiMast / 3aJaHHOU IITIOCKOCTH 7T ;

0) HATH KOOPAMHATHI TOUKH MEepeceyeHus MpsMOil / U MIJIOCKOCTH T ;

B) BBIYUCIIMTH CUHYC yTIila MEXAY IPsAMOM / U NIIOCKOCTBIO 77 ;

') HauCcaTh YpaBHEHHUE IUIOCKOCTH, IPOXOAIIEH yepe3 npsamMyro / mepneHau-
KYJISIPHO K IUIOCKOCTH 7T .

10.3.5 HanucaTe KaHOHUYECKOE YpAaBHEHHE NMPSMON KOTOPAsl MPOXOIUT Yepes
Touky M,(1;2;3) mapaienbHO IIOCKOCTH 2x~—6y+3z+1=0 u nepecekaer mnps-

x=3 y+2 z-1
12 4 3

MYIO

10.4 3aganus ik KOHTPOJIMPYEMOH CAMOCTOATEILHOM PadOThI
10.4.1 Jansl d4yerbipe TOUKH  A(X;V5z), B(x,:3552,), C(x33)552,) H

D(x,;y,;z,) B OPTOHOPMHMPOBAaHHOM Oa3uce {7;]’;/\?} (Koopounamuvl mouex oOna

Kaxcoo20 eapuanma npusedensl 6 3aoaue 5.4.1). Tpebyertcsi:
a) HAliTK ypaBHEHUE NpsMOil AB;
0) HallTH ypaBHEHUE IPSIMOM, IepNEeHANKYISIpHON T1ockoctn ABC
B) HAWTU KOOPAMHATBI TOYKU D,, KOTOpas CHUMMETPUYHA TOouke [) OTHOCHU-

TEJIBbHO II0ckocTH ABC ;

r') HAliTU ypaBHEHHE OpsiMoil DN, KoTopas napajuiesibHa npsaMoil AB

1) HAaWTH ypaBHEHHUE IUIOCKOCTH, MPOXOSAUIEH uepe3 TouKy D TepreHIuKy-
JSIpHO TipsiMoNt AB;

€) BBIUUCIUTH Yyroy Mexay npsaimMoi AD u mockoctbio ABC ;

) BBIYMCIIUTD YTOJ MEXY NpsiMbiMU AB u AD .
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11 KOHTPOJIBHAS PABOTA
(mpakTHyeckoe 3ansaTue 12)
Conep:kaHue: BEKTOpa U OIepalldyd HaJl HUMH; CKaJIIpHOE, BEKTOPHOE U CMe-
[IIaHHOE TPOU3BEJCHUS BEKTOPOB; MpsMas Ha IIOCKOCTH; TMpsAMas U IUIOCKOCTh B
IIPOCTPAHCTRBE.

11.1 Teopernyeckuii MaTepuaJs Mo TeMe MPAKTHYECKOT0 3aHATHUS
Teopernueckuii MaTepran AJid BHIIOIHEHUS! KOHTPOJIbHON paOOThI MPUBEIEH B
MpaKkTUYecKux 3aHsaTusax Ne 3—11.

11.2 IIpuMepsbI perieHUs1 TUNOBBIX 327424
[Ipumepsl pelieHus] THUIOBBIX 3a4ad Il BBITOJHEHHS KOHTPOJIBHOW padOThI
MPUBEIECHBI B MPAKTUYECKUX 3aHATUAX 3—11.

11.3 3aganus qJisl pelieHusi HA MPAKTHYECKOM 3aHATHH
11.3.1 Touku M wu N cnyxar cepeaguHamu cropoH BC CD mnapanneno-

rpamma ABCD . IlonoxuB AM = p, ﬁz(}, BBIPA3UTh YEPE3 BEKTOPHI p U ¢ YKa-
3aHHBIC BEKTOPBI.

BI W,ﬁv. B1I E),ﬁv.
BIIl DA, DB. BIV BC, CD.
BV CM, BN. BVI C4, MB.

11.3.2 [TapannenorpaMM MOCTPOCH HAa BEKTOpax a W ¢ . HaliTu ero BBICOTY,
OIMYUIEHHYIO Ha CTOPOHY, COBINAJAAIOUIYIO C BEKTOPOM C .

Bl G=2-3j+5k,¢=7i+4i -3k. BIl  a=3i —4]+6k,é =8/ +5 —4k .
BII dG=i-2j+4k,c=6i +3i —2k. BIV ~d=4i +5j-2k,c=9i —3i +2k.
BV d=6i+3j—-2k,é=4i =2i +5k. BVI G=9i -8/ +7k,¢=6i +5i —4k.

11.3.3 Bektop X, nmepneHAUKYISPHBIN BEKTOpaM @ U ¢, oOpasyer ¢ Oa3uc-
HBIM BEKTOPOM k Tyno# yroi. HaliTu KoopauHaThl BEKTOpa X, €CIIN ‘56‘ =s.

Bl a(7;5;3),¢(2;1;4), s =782 BII  a(=17;2),c(4;9;5),s =27+203 ..
BIII d(4:1;7),(2;5:6), s =/1265. BIV d(0;4;5),¢(3;7;2),s =12122 ..
BV  d(421),¢(56;3),s=2527. BVI d(;0;1),¢(3;5-7), s =1256 .

11.3.4 Haiitu yros Mex1y BEKTOpaMHu p U ¢ TIPH YKA3aHHBIX YCIOBHSX.
Bl |p|=L]dl=2.(25-34)" +(Bp+2§)" =241.
BII |p|=2.|G|=3,(4p+4)’ +(7p—34)* =850.

BINl |p|=3,|9|=4,3p-7¢)" +(8p+5¢)" =18369.
BIV |p|=7.|4|=2.(p+49) +(3p—T74)* =274.
BV |p|=4|d|=L0GBp+2¢)+(p—5¢)° =189.
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B VI |p|=7.|4|=2.(p+49) +(3p—T74)* =274.
11.3.5 BeruncinTh BBICOTY HapajuielieNuIieia, IOCTPOCHHOIO Ha BEKTOpax i1,
7 U p,EeCIU 32 OCHOBAaHUE BHIOpAH MapauiesiorpamMm, TOCTPOCHHBIN Ha BEKTOpax 71 U 71 .

Bl m(-12;2;-4), n(—4;2;3), p(-3;—4;-3).
BII m(-2;3;0),7(-2;0;6), p(0;3;-2).
BII m(2;3;-1),1(-2:;4;5), p(3;—1;4).
B 1V m(2;—1;1),7(-3;0;4), p(0;4;3).
BV m(=1;5-4),n(-40;2), p(-3;3;-5).
B VI m(4,-6;4), n(4,-1;2), p(3;2;7).
11.3.6 BerauciuTh pacCTOSIHUE MEXKIY IPAMBIMH /| U /,.
x+1 =y—4 :z—4_ / x-3 :y—5 _ z+5

BI [: ; L

3 5 7 2 3 1
BII 113x12:y;522165 lzzx;4:y;5:z;—2.
B I ll:x—;—4:yé—‘7:z;2; lz3x;1:y;62241_3-
BIV ll:X;6:y;5:Z7—13; ZZ:XI4:)/;6:Z;6.
BV ll:x—7|—5:y;5:z;5; lz:x;2:y;6:z45—3.
B VI ll:x+4:y—5:z—7. l_x—lzy—9:z+4.

2 4 7776 5 8
11.3.7 3anucars ypaBHEHHE IILIOCKOCTHU 77, , TIPOXOASAILEH Yepes3 NpsAMYIO [, KO-

TOpasi EPIEHIUKYIISPHA INIOCKOCTH T .
x+2 y-5 z-6

BI [: ; i 2x—5y+6z-3=0.
1 2 3

B YT IS s 4yi72-10=0.
2 3 4

B X YTt ZTT o uv 6y+52-3=0.
3 4 5

BIV l:x16:y;7zz—5; T 6x—4y+7z-9=0.

BV l:x+1:y—2:z—3; 7:x=-9y+z+7=0.
7 4

B VI l:x+4:y_3=2_2; 7:5x—y+4z-8=0.
7 4 5

64



11.3.8 JlaHbpl KOOpAMHATBI BepIIUH TpeyroabHuka ABC: A(x;;),), B(x,;y,) u
C(x;;y,). Hantu nmnomane tpeyronbHuka ABC, ypaBHEHHs CTOPOH U YPAaBHEHHE

BBICOTHI AH OMYIIEHHOW M3 TOUKU A4 Ha cTopoHy BC . BeMHCIUTS JUTMHY BBICOTHI ‘ﬁf‘ .

BI  A(45), B(7,-3),C(2,9). BII A1), B(2;6),C(=25).
BII A(l;-5), B(3;-9),C(4;6). BIV A1), B3;—4),C(1,-9).
BV  A(54), B(-3;—6),C(;]). BVI A(-3:2), B(1;-1),C(3;-5).

11.3.9 Haiitn npoekuuro TO4kH M, Ha IUIOCKOCTb 77, & TAKXKE OINPEIEIHUTh
pPacCTOsIHUE OT YKAa3aHHOM TOYKH J0 3aIaHHOM IVIOCKOCTH.
BI My(423),7:2x-3y+4z-3=0. BII M,1;6,9),7:3x—y+7z-9=0.
BIII M,(0;7;2), 7:5x—4y+2z—-6=0. BIV M,(5;3;7), 7:8x-3y+4z-9=0.
BV M,L16),7:5x—4y+z-2=0. BVI M,95]),r:x+6y+2z-9=0.
11.3.10 Onpenennts, TpUHAMICKUT JU NpsiMasd [ TUIOCKOCTU 7 . B citydae ne-

pecedyeHust HallTH TOYKY IepecedyeHus MpsMOn / U IIIOCKOCTH 77 .
x=2 y+3 . z-7

BI [: 1 " > ; 2 3x—4y+62—-98=0.

B X YIS ZTA i 3y—4249=0.
2 3 4

B 1 Xl YF2 ZT3 o sil6yt7z-142=0.
5 6 7

Brv 13l Y¥2 275 s iophz418=0.
3 2 1
4 y-3 z-1

BV I: x;” =y23=23 .z 5x+2y-32-83=0.

BVI I: x7—1:y;2:zg3; 7 Tx—8y+52-66=0.

11.4 3apnaHus NJ KOHTPOJIHUPYEMOM CaAMOCTOATEIbHOI PA00ThHI
3amanust 171 KOHTPOJIMPYEMOW CaMOCTOSITEIbHONW PabOThl COOTBETCTBYIOT 3a-
JAHUSIM MPAKTUYECKOro 3aHsaTus 11.

12 JIMHUU BTOPOI'O MOPAIKA.
MHOJSAPHASA CUCTEMA KOOPAUHAT
(npakTn4yeckoe 3ansitue 13)

Coaep:kaHue: JIMHUA BTOPOTO TOPSIKA: KAHOHWYECKHE YpaBHCHUS SJUIMIICA,
OKPYXKHOCTH, THIIEPOOJIbI, TTapadoJIbl B IEKAPTOBON MPSAMOYTOJLHON CHCTEME KOOP-
JMHAT, UX CBOMCTBA M XapaKTCPUCTUKH, NMPUBEICHNUE JTUHUN BTOPOTO TOPSAIKA K Ka-
HOHUYECKOMY BHIy METOJOM BBIJICIICHUS TIOJTHOTO KBajipaTa; MojsSpHasl cucTeMa Ko-
OpAMHAT.
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12.1 Teopernueckuii MaTepuaJ o TeMe NPAKTHYECKOT0 3aHATHS
Onpenenenue 12.1.1 Jlunueti 6mopozo nopsioxa B 1€KapTOBOU CUCTEME KOOP-
IMHAT HA3bIBAETCS MHOYKECTBO TOYEK IUIOCKOCTH, YJIOBJIETBOPSIOMINX CIEAYIOIIEMY

2 2 2 2 2
YPaBHEHHIO a, X" +2a,,Xy+a,,y +a,;x+a,y+a,;; =0,r8€ a;, +a,, +a,, >0.
PaccMOTpHM OCHOBHBIE IMHUY BTOPOTO HOPSAKA.

1. OkpyasrcHoCcmb.
OxpyxHOcTb (pucyHok 12.1.1) ¢ uenrpom B Touke C(a;b) m paguycom R 3a-

Na€Tcsi ypaBHEHUEM:
(x—a)’+(y—b)Y =R". (12.1.1)
v 4

b _____

: X

Pucynok 12.1.1 — Okpyx)HOCTb
2. Annunc.
Omnpenenenue 12.1.2 Duruncom HaA3BIBAETCS T€OMETPUYECKOE MECTO TOYEK,
CyMMa PacCTOSHUHN OT KOTOPBIX Z0 ABYX 3a[JaHHBIX TOYeK /| U F,, KOTOpbIC Ha3bIBa-

10TCs (POKYCaMH, €CTh BEJTMYMHA IIOCTOSHHAS: ‘FlM ‘ + ‘FZM ‘ = Const .

Onnunc (pucyHok 12.1.2) ¢ monyocamu a u b (a=>b>0), ueHTpoM B Hayaye
KoopauHat U BepmmHaMu A4 (—a;0), A4,(a;0), B,(0;—-b), B,(0;b) 3amaérca KaHOHU-
YECKUM YpaBHEHUEM

2 2
x—2+%=1. (12.1.2)
a

Y oA

Ces
A

Pucynok 12.1.2 — DOmuaric

[TapameTpsl a U b HaA3BIBAIOTCS MOMYOCSIMH dJUIHIca (OONBIION U Majol CO-
OTBETCTBEHHO), ocu cuMMeTpuu Ox u (Jy — TJIaBHBIMHU OCSIMU, a LIEHTP CUMMETPHUHU
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O — uenrpom smmurca. Toukn F (—c;0) u F,(c;0), rae ¢ =+a’ —b* >0, Ha3bIBAIOT-

csl oKycaMH dJuInICca, BEKTOpsl FM u F,M — (hoKaIbHBIMU pajnyc-BEKTOpaMH, a

qucna 7 :‘FIM ‘ ur=FM ‘ — (QokanbHBIMU paguycamMu TOYKH M (x;y), NpUHALI-

Jexaiei aumicy. B vactHoM ciydae, ecnu a =b, To Gokycsl F, U F, COBIaJaroT C

IHCHTPOM, 4 KAHOHNYCCKOC YPAaBHCHHUC IIPUHUMACT BUJ x2 +y2 = a2, TO €CTH OIIMCHBI-

BAaCT OKPYXHOCTb paquyCa a C OHCHTPOM B HA4YaJIC KOOPAWHAT.
2

c
Hucno & =—=,[1—— <1 Ha3BIBACTCS SKCUCHTPUCUTETOM DJUIUIICA U MTOKA3BI-
a a

BAaCT CTCIICHb BBITAHYTOCTH BJOJIb OOJIBIIIEH TJIABHOM OCH (HpI/I 3HaueHuu & =0 31-

a a
JMIIC ABISIETCA OKPYXKHOCTBIO). IIpsmble D, :x=—-— u D, :x =—, NEepHEeHAUKYIP-
g &

HbIC TJIaBHOM OCH, HA3bIBAIOTCA TUPCKTPHUCAMHU JJIIMUIICA.

3. Tunepbona.

Onpenenenue 12.1.3 [unepbonoii Ha3pIBa€TCI TE€OMETPUUECKOE MECTO TOYEK,
a0COJIIOTHAs BEJIMUYMHA PA3HOCTH PACCTOSHUI OT KOTOPBIX A0 ABYX 3aJaHHBIX TOYEK
F, m F,, Koropele Ha3bIBalOTCA (POKycaMu, €CTb BEIMYUHA IIOCTOSHHAS:

“E—M‘ —‘FzMH = Const .

['unep6oina (pucynok 12.1.3) ¢ melicTBUTENBHON MOJYOChI0O @ U MHUMOM IO-
JTyOCBIO b, IIGHTPOM B Haudajue KOOpAUHAT U BepmmHamMu A (—a;0), A,(a;0) 3anaércs

KaHOHHUYCCKHUM YPAaBHCHUCM

2 yz
Y A
b
—c A 4, c X,
—a
b /6 § Iy
B[ b

Pucynox 12.1.3 — I'unepbona
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[TapameTpsl @ W b HA3BIBAIOTCS MOIYOCSIMU THUIEPOOIBI (ACHCTBUTEIHHOU U
MHUMOM COOTBETCTBEHHO), ocl cuMMeTpuu Ox u Oy — NEUCTBUTEIBLHON U MHUMOM

ocsMH, a neHTp cummerpun O — neHrpoM rumnep6oiusl. Touku F(—c;0) u F,(c;0),
rae c=va’ +b> >0, Ha3bIBatOTCsA HOKYyCAMM DJUIUICA, BEKTOPBI FM v FFM — do-
EM ‘ Ur=

KaJIbHBIMU PaJuyC-BEKTOPAMH, a YUCIA 7, = M ‘ — (hoxasbHBIMU paju-

ycaMu Touku M (x; ), IpUHAAJISKAIICH rurepooie.

2

1+—2 >1 Ha3bIBaeTCs OKCOCHTPUCUTCTOM FI/IHCp6OHLI " II0-
a

Yucino ¢=—=

NI oY

o o a
Ka3bIBACT CTCIICHDb BBITAHYTOCTH BIAOJIb ACUCTBUTCIILHOU OCH. HpHMLIG l)1 X=——1Hu
g

a o
D2 X =—, NCPHCHAUKYJIAPHBIC I'N'TABHONU OCH, HA3BIBAKOTCA OTUPCKTpUCAMU mnep6o-
&

b b
asl. Ipsamele C,:y===x u C,:y=—Xx, K KOTOpbIM HEOTPAaHUYEHHO OJIM3KO NpH-
a

OIMKAIOTCSI BETBU FI/II'Iep6OJIBI Ha 6CCKOH€‘IHOCTI/I, Ha3bIBAIOTCs aCHUMIITOTaMH T'H-
2 2

nepOoubl. ['unepbosa, ypaBHEHUE KOTOPOH UMEET BUI —— + % =1, Ha3pIBaeTCs CO-
a

npsukEHHOM K rurnepoone Buaa (12.1.3).

4.  Ilapabona.
Onpenenenue 12.1.4 [lapabonoii Ha3bIBAETCAd T€OMETPUUECKOE MECTO TOUEK,
PaBHOYJAIEHHBIX OT (DUKCUPOBAHHOM TOYKHM £, KOTOpas Ha3bIBaeTcs (OKycoM, U

HEKOTOPOM AaHHOM NPSIMOM, KOTOPAsi Ha3bIBAETCSA TUPEKTPUCOM: ‘FM ‘ = ‘NM ‘ .

[Tapa6ona (pucyHok 12.1.4) ¢ BepmMHON B Hayale KOOPAMHAT U CUMMETPHUY-
Hasi OTHOCHUTENIbHO ocu Ox , Ipu yciaoBuHu p >0, 3a1aéTcsl KAHOHUYECKUM ypaBHEHU-

eM
Y =2px. (12.1.4)

v 4

Pucynok 12.1.4 — [1apaGomna
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Yucno p Ha3bIBaeTCS MapaMeTpoOM MapadoiIbl, HAYAIO KOOPAWHAT — €€ Bep-
IIUHOM, a 0Ch abcuuce — ochio mapabonsl. Touka F(p/2;0) HasbiBaeTcst GOKYCOM

napaboibl, BekTop FM — (pokampHBIM paguyc-BEeKTOPOM, a YUCIIO r:‘FM ‘ — (o-

KaJIbHBIM paanycoM Touku M mapabossl. [Ipsimas D:x=—p/2, nepneHIuKyIspHas
OCH U MPOXOJIAIIAs HAa PACCTOSIHUKM p/2 OT BEpIIUHBI MapaboIibl, HA3bIBACTCS €€ IH-

PEKTPHUCOI. DKCLIIEHTPUCUTET NapaldoJibl paBEH €AUHHUIIC.
Kanonuueckoe ypaBHeHHE MapaboJibl C BEPIIMHON B Hadalie KOOPJWHAT, C

0ChIO cUMMETpUH OX U BETBSMH, HANPABJICHHBIMH BIIPABO, UMEET BUIL: V° =-2px.
KanoHnyeckoe ypaBHEHHE IapaOoJibl C BEPIIMHOM B Hayalle KOOPIMHAT, C
0CbI0 cUMMETpuH Oy U BETBSMH, HAIPABJICHHBIMH BBEPX, IMEET BUI: X~ =2py .
KanoHnyeckoe ypaBHeHHME NapaOoJibl C BEPIIMHOW B Hayalle KOOPIMHAT, C
0CbI0 cuMMETpUH Oy U BETBSMH, HANPABJICHHBIMY BHHU3, IMEET BUI: X~ =—-2py .
Ecau oOmiee ypaBHEHUE JIMHMM BTOPOTO IOPAKa ONpEAEseT OKPYXHOCTB,
SIUTATIC, THIIEPOOITY WITH TIapaboIty, TO MOBOPOTOM Oa3MCHBIX BEKTOPOB i M j BOKPYT
Hayajla KOOPAMHAT HA yroJl ¢, KOTOPBIA ONPEIENACTCS U3 TPUTOHOMETPUYECKOTO
ypaBHeHus tg2¢=2a,,/(a,, —a,,), 1 NapauIeIbHBIM NEPEHOCOM 3THX OCeil Bcerja

MOHO JOOUTHCA TOTO, YTOOBI B  HOBOM CHUCTEME KOOPAMHAT YpaBHEHUS 3aJaHHBIX
JMHUM TPUHUMAIM KaHOHWYeckui Bui. Haumbornee mpocThIM MPUMEPOM SIBIISIETCS
MPUBEICHUE OOIIEr0 YpaBHEHUS JTUHUW BTOPOTO MOPsAKAa K KAHOHUYECKOMY BUIY B
ciydae a, =0. B 1aHHOM ciy4ae NPUMEHSAIOT Memoo 6bl0eNeHUs NOAHbIX K6aopa-

moas.
[Tonoxxenne mpou3BOILHOM TOUYKU M (X;)) Ha IIIOCKOCTH B JAEKAPTOBOM Mpsi-

MOYTOJIbHOU cucteMe koopauHaT OXY omnpezaensercs yuciaamu x — adciucca U ) —
opAMHATa. DTy TOUKY MOKHO 33/1aTh U JPYTUM CHOCOOOM: C MOMOIIBIO PACCTOSTHUS

:‘OM ‘ U yIjia ¢, OTCUATBIBAEMOTrO IIPOTUB XOJa YACOBOW CTPEIKHA OT IOJIOXKHU-
TEJIBLHOTO HAIpPABJICHUS OCU a0CIHUCC.

[TonsipHbIMU KOOpAMHATAMHU TOYKH M (@;7) Ha3bIBAIOT JBA YUCIA: NOJAPHbILU
paouyc r=r(M) = ‘OM ‘ >0 u noaspuwiii yeon ¢ =@(M)— yroj, Ha KOTOPBIH Cleay-
€T MOBEPHYTh noapuyo ocb OP, Bbixondiywo u3 nonoca O i TOro, 4ToObl €€
HalpaBJICHUE COBMAJIO C HampaBlieHHEM BekTopa OM (mpu 3ToM, @ >0, €clii MoBo-
POT OCYIIECTBIISIETCS IPOTUB YaCOBOM CTpeNKU, U ¢ <0 B IPOTUBHOM CITy4ae).

[TonsipHbIi yroyn@ uMeeT OECKOHEYHOE MHOXKECTBO BO3MOXKHBIX 3HAYEHHH,

KOTOPBIE OTJIMYAIOTCS APYT OT Apyra Ha BEJIMYMHY BUAA 27n, n €Z. 3Ha4CHHUE MO-
JSIPHOTO yTia, yaoBiIeTBopstoee yeinouio 0 <@ <27z (wm —x < @ < 7)), Ha3bIBaIOT

2JIABHbIM.
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CBsi3p MEXKIy NEKAapTOBBIMH W TOJSPHBIMA KOOPJAWHATAMH TPOU3BOIHHOM
Toukd M (moJroc coBmagaeT ¢ HayaioM kKoopauHaT O, a nonsipHas ock OP umeer
OJIMHAKOBOE HarpaBiieHue ¢ ocb Ox ) 3aaaétcst popMyamu

X=r-cos@, y=r-sing, (12.1.5)

r=Jx’+17, tgp=2. (12.1.6)
X

VYpaBHEHUE JTMHUM B NOJSIPHOM cucTeMe KoopAuHAT umeeT Bua F(@;r)=0
wia 7 = f(¢). OHO MOXKeET OBITh MOIYYEHO HETIOCPEACTBEHHO, UCXOs U3 T€OMETPH-

YeCKUX CBOWCTB JIMHUH, JINOO MEPEX0J0M K MOJISIPHBIM KOOpJAWHATAM B YpaBHEHHUU
ATOM JTUHUY, 33JaHHOU B IEKAPTOBOM IIPAMOYTOJIBHOM CUCTEME KOOPIUHAT.

12.2 Ilpumepsl penieHusl TUIIOBBIX 32124
12.2.1 Hanucatpe KaHOHMYECKOE YPABHEHHE DJUINIICA, €CIIU PACCTOSHUE MEKIY
(dhokycamu paBHO 6, a SkciieHTpucuTeT paseH 0,6.

Pemenue. [1o yenoButo paccrosiHue Mexay (pokycamu paBHO ‘F1Fz‘ =2c=6 ,a

c
akcreHTpucurer € =— =0,6. CnenoBarenbHo, ¢ =3 u a =5. Haxonum mapametp b
a

w3 cootHOMmenHs b=+a> —c? =+/5% —32 = 4. Cle0BaTeIbHO, KAHOHIUECKOE ypas-
2 2
X Y
HEHUE JJUTUICA UMEET BUI, — +— =1
25 16

12.2.2 HanucaTh KaHOHMYECKOE YpaBHEHUE TUIEpOOibl, €CIIA PACCTOSHUE
Mexay €€ (hoKycaMu paBHO 8, a paCCTOSIHUE MEXKIY TUPEKTPUCAMU PaBHO 18.

Pemienue. Ilo ycnoButo pacctosinue Mexay (pokycamu paBHO ‘F]F2 =2c=8,a
a 1
PaCCTOSIHUE MEXITY AUPEKTPUCAMHU ‘DIDZ‘ =2— =—. YuuThIBasi, 4TO SKCIEHTPUCUTET
£

c
runepOobl paBeH & =—, MOJy4aeM 3HAUEHHUS MapaMeTpoB: c=4 U a = % Haxo-
a

255
4

UM mapameTp b u3 cootHomeHus b=+c’—a’ = . Cnenona-

2 2

N A
1/4  255/16

12.2.3 HanucaTh KaHOHMYECKOE yYpaBHEHHE MapaloJibl ¢ BEPIIMHOM B Hayale
KOOpPJIMHAT U €CJI U3BECTHO, YTO Mapadoyia CHMMETPUYHA OTHOCUTENIBHO ocu Ox ‘U
IIPOXOIHUT Yepe3 TOUKy M, (—2; —4) :

TCJIBbHO, KAHOHUYCCKOC YPAaBHCHHUC FI/IH€p6OJ'IBI HUMECT BU:

Pemenne. Tak kak mapaboja CUMMETPHUYHAa OTHOCHUTENIBHO OCH adclHcC U
IIPOXOJUT 4Yepe3 TOUKy M, (—2;—4), TO KaHOHMYECKOE YpaBHEHHE MapadoJibl UMEET

Bua: y° =—-2px. Tak kak Touka MO(—2; —4) IpUHAICKUT Tlapadose, TO CrpaBei-
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JIUBO PABEHCTBO: (—4)2 =—2- p+(-2). CinenoBareinbHO, 3Ha4YCHHE HapamMeTpa p =4.

Torna KaHOHUYECKOE ypaBHEHHUE NapaboIibl UMeeT BUI: 1~ = —8x .
12.2.4 ITpuBecTu K KAHOHUYECKOMY BUJYy YPaBHEHHE JTUHUU BTOPOTO MOPSIKA
4x* —25y> —8x—100y —196 = 0. HaiiTu OCHOBHbIE XapaKTEPUCTUKU JAHHOMN JUHHHU.

Pemenue. I[JBI IMPUBCACHUA YPAaBHCHHA JIMHHUHW BTOPOI'O IIOPAAKA K KaHOHHUYC-
CKOMY BHAY BOCIIOJIB3YCMCA MCTOAOM BBIACICHUA IIOJIHOI'O KBaAparta.

4x*> —25y> —8x—100y—196=0,
Ax* -2x+1)—-25(" +4y+4)—4+100-196 =0,
4(x—1)> =25(y +2)* =100,
(=1’ (42’ _,
25 4
Bemonaum 3ameny x'=x—1, y'=y+2. B pesynprare mosydaeM KaHOHWYE-

CKO€ ypaBHEHHUE TUIEPOOIIBI
2 12

X Y

25 4
B HOBOH cucteme koopauHat O'x"y’, riae Touka O’ B cucteMe KoopauHaT Oxy uMeeT

b

koopauHatel (1;—-2). B HOBO#l CHCTEME KOOpJIMHAT JEHCTBUTENIbHAS MOJIYOCh PaBHA
a=>5, a MEHUMas noiyoch b=2. JIasa runepOoiibl BCEryia BBINOJHAETCS PAaBEHCTBO

c= \/ a’+b* = \/ 12 +2% = «/g . CrnenoBaTeiabHO, KOOpAMHATHI (POKYCOB PaBHBI:
K (—\/g ;0), F, (\/g ;O). OKCUEHTPUCHUTET TUTIEPOOJIBI PABEH & = c/ a= xﬁ / 5. ¥Ypas-

HEHHsI TUPEKTPUC: X =*a/& Win X = +5/5 . YpaBHeHns acumToT: y = +bx/a wnn
y=12x/5.

12.2.5 CocTaBUTh KAHOHUYECKHE YPABHEHUS: a) BJUIMIICA, €CJIM CyMMa IONY-
oceit a+b=12, a paccrosaaue mexay Goxycamu 2c=83 ; 0) TunepOoIIbI, ¢ BEp-
muHOM B Touke A(2;0) u mpoxoasiieil uepe3 TOUKy B(4;3\/§); B) mapaloJibl, 3Hal,
4TO €€ BEepIIMHA HAXOJIUTCSA B Hayaje KOOPJIMHAT, pAaCCTOsTHUE OT (hOKyca /10 BEpIIIu-

HBI paBHO 4, OCbI0 CUMMETPUHU CIIYKUT OCh Ox U OHa mpoxomuT uepe3 Touky C(—1;4).
2 2
Pemenne: a) KAHOHMYECKOE YPABHEHHE DILIMIICA MMEET BHI — + yel =1,tme a
a

— MaJiasg ToJIyoch, b — Oombinas moiayock. MOKYChl JIIUIICA UMEIOT KOOPAUHATHI

F(c;0) n F,(—c;0). [Ans onpenenenns ypaBHEHUs 3JUIMIICA HEOOXOAUMO HAalTH He-

M3BeCTHBIC apaMmeTprl a U b. [1o cBoiicTBam ypaBHeHUSs dumnrnca Gopmysa, KOTopast

CBSI3BIBAET €0 MapaMeTphl, uMeeT BuA: a” —b” =c”. Tlo yciaoBuio c=4J3. B pe-
. |a®—b*=48,

3yJbTaTe MOJy4YaeM CUCTEMY YPABHEHMIA: b4
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Pemass momyueHHyro cuctemy, HaxonuMm, 4to a =38, b=4. CrnegoBarenpHo,
2 2
X

KaHOHHNYCCKOC YPABHCHUC NCKOMOTO 3JIIIMIICA UMCCT BU/] a + y— =1 )

16

2 2
X .
0) KaHOHMYECKOE YPABHEHHE MMIEPOOIILI UMEET BUI —5 — Z—z =1, rme a — new-
a

CTBUTEJIbHAS TIOJyOCh, b — MHUMas mnosyochk. ['unepOoia mpoxoaut yepes JiBe U3-
BECTHbIE TOYKH A U B, a, clieloBaTeIbHO, KOOPAUHATBI 3TUX TOYEK YAOBIECTBOPSIOT
HMCKOMOMY YpaBHEHHIO TUNIEpOO0IIbl, TO €CTh MPHU MOACTAHOBKE KOOPAMHAT TOYEK IO-
Jy4aeM BepHbIE paBeHCTBA. B pe3ynbrare HMeeM CUCTEMY U3 JIBYX YpaBHEHUMN

22 0?
P

N EN
a2 - b2 =1,

peuiuB KOTOPYIO, HAXOAUM, YTO HGﬁCTBHTeHBHaH IIOJIYyOCh a=2, MHHUMas I10JIYOChb

b=3. CJICI[OB&TGJII)HO, KaHOHHYCCKOC YPAaBHCHHC HCKOMOU I’HHGp6OJ’IBI HNMCCT BHU]J
2 2

XY
4 9
B) TaK KaK OCbI0 CHUMMETPHUU MapadoJibl CIYKUT och OX, a BEPIIMHON — HA4aJI0

KOOpJMHAT, TO ypaBHEHUE MapadoIibl MOKET OBITh OINPENEICHO OAHUM U3 KaHOHHUYE-
v 2 2
CKMX YpaBHEHHW ) =2px WM y =-2px, TI€ p — PAaCCTOSAHUE OT JUPEKTPHUCHI

b

x=—£ A0 Hadajla KOOpAWHAT. Paccrosnue or ¢>0Kyca A0 BCPHIMHBI PAaBHO IIOJIO-

BuHEe mapametpa p. Cnenosatesnbho, p/2=4 u p=8. [lojcraBisis 3T0 3HAYCHUE p
B KaXJ0€ W3 NPUBCIEHHBIX BBIIIEC YpPaBHCHUH, TOJy4yaeM YpaBHEHUs Mapalo:
y> =16x unu y* =—16x. YuuTsIBas, 4To UCKOMas Napabosa IPOXOJUT Yepe3 TOUKY

C(-1;4), momy4aem, 9TO ypaBHEHHE HCKOMO# apabomsl ° =—16x.

12.2.6 HaiiTu ypaBHEHHE JMHUM, KaKAas TOYKA KOTOPOU OTCTOMT OT TOUKH
A(3;—4) Ha paccTOsSTHUU B TPH pasa O0JbIIIeM, YEM OT MpsMON x =—13.

Pewmenue. Ilycte M (x;y) — npousBoibHas TOUKa MCKOMOM JinHuu. Ilo ycno-

BUIO 3aJa4u ‘m‘:}‘m

, TIe ‘W‘ — paccTossHMEe OT TOYKM M ;0o mpsiMOi
x=-—13. Tak kak
[AM|=(x =3 +(y+4)°,
TO YPaBHCHHUC UCKOMOMW JIMHUH
JE =3P +(y+4)> =3-|[x+13].
[IpeoOpazyem ypaBHEHHE, BO3Bes 00€ yacTu B kBajapar. Mimeem
X*—6x+9+1)" +8y+16=9x" +234x+1521,

W‘z\j(x+l3)2+(y—y)2 —|x+13

b
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8x* — > +240x -8y +1496 =0.
BoiienuB nonHbple KBaapaThl B MOCIEIHEM YPAaBHEHHH, IPUXOIUM K YpaBHE-
(x+15)° (y+4)° _
36 288
Bemonaum 3ameny x'=x+16, y'= y+4. B pe3ynbrare mosydaeM KaHOHHUYE-

1.

HHWIO BHJA

CKO€ YpaBHEHHE THUIEPOOJIBI
12 12

X Y

36 288
B HOBOM cucTeMe koopaunat O'x'y' | rae Touka O' B cucreMe KoopauHar Oxy UMeeT

b

koopauHatel (—15;—4). B HOBOM cucTeMe KOOpAMHAT JEeHCTBUTENbHAS MOTYOCh pPaB-
Ha a =6, a MHAMAs MOJyoCh — b = 122. Jlst TumepOo0IIBI BCer1a BHITIONHSACTCS pa-
BEHCTBO c=v\d +b’ = \/62 + (12\/5)2 =18. CnenoBarenbHO, KOOPAUHATHI (POKYCOB
paBubl: F;(—18;0), F,(18;0). DxcueHTpucHTET TUNEepOOIIBI paBeH & =c/a=3. Ypas-

HEHHs TUPEKTpUC: x=x*a/& wim x=12. YpaBHEHHS aCUMNTOT: y=ztbx/a wim

y=i2\/§x.

12.2.7 IlocTpouTh KpUBYIO, 3aJaHHYIO B MOJIIPHOM CUCTEME KOOPAWHAT. 3amu-
caTh YPaBHEHUE JIMHUU B J€KAPTOBOU NPAMOYIOJIBHOW CUCTEME KOOPAUHAT.
Pemenue. [lonsspaoMy yriy ¢ Oyzaem npuaaBath 3HaueHHs OT yriia ¢ =0 1o

T
@ =27 4epe3 MPOMEXYTOK gozg Y BBIYUCISIEM COOTBETCTBYIOIIME 3HAYEHU I10-
asapHoro paauyca r. Ilomspueii pagmyc 7=>0, Torma cos2¢=>0 u yrom @:

T T o
_Z +an<@p< Z +7n, n €7 . HalineHHusle 3Ha4EHUS 3aIIUAIIEM B BUAE TAOIULIGL:

P o | 2| Z |37 |1z | 2mpom | Tx Dz
8 4 4 8 8 4 4 8
r=acos2e | ¢ a% 0 0 a% a ag 0 0 ag a

[TocTpoum 3amaHHy0 KpuBYyr0. [Ipyu mOCTpOCHUM KPUBOW JIMHUU HPUHHUMAEM
MIPOMU3BOJIBHBIM OTPE30K 3a eAuHUIlY MaciiTada. [Toaroc moysipHO CUCTEMbI KOOPIH-
HaT TIOMEINIaeM B LIEHTP JCKAPTOBOM MPSIMOYTOJIBHON CUCTEMBI, a MOJSpHAs OCh COB-
najJiaeT ¢ MOJOKUTEIbHBIM HampaBieHueM ocu adcuucc. [lomydennas kpuBasi Ha3bl-
BaeTCs JBYJIENECTKOBOM po3oi (pucyHok 12.2.1).

Haitnem ypaBHEHHE IBYJIEIECTKOBOW PO3bI B AEKAPTOBOM CUCTEME KOOPIUHAT,
UCTIONB3Ysl (POPMYJIBI TIEPEX0/ia OT MOJISIPHBIX KOOPAUHAT (;7) K AEKapTOBBIM KOOP-

nuHatam (x;)):
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Pucynok 12.2.1 — JIByxjenecTtkoBas po3a

CrnenoBaTelibHO, ypaBHEHUE JBYXJIETIECTKOBOW pPO3bl B JEKAPTOBOW CHCTEME
2 2 2

2
f X / X —
KOOpAMHAT UMECT BU Xz + y2 =a- — Y 2 500041 x2 + y2 =a- —y

X +y: X +y x*+

YMmHOXkast 00e yacTu YpPpaBHCHHA Ha MHOKHTCIIb Xz + y2 , IOJIy4aCM YPaBHCHHUC BHUA:

2 2 2 2 2 2
VY () =a(x - 7).
Bo3soas 00e 4acTH MOCIEIHETO ypPaBHEHUS B KBaApaT, IONyYaeM OKOHYA-

. 3 2
TEBHO yPaBHEHHE ABYIICNECTKOBOM posbl: (x* +y?) =a’+(x? - y?) .

12.3 3apaHus 1JiA penieHusi HA MPAKTHYeCKOM 3aHATHH

12.3.1 IToctpouts >aunc 9x” +25y° =225. Haiitu: a) monyocu; 6) Koop/u-
HaThbl OKYCOB; B) 3KCIIEHTPUCHUTET; I') YPABHEHUS TUPEKTPUC.

12.3.2 TloctpouTs runepbony 16x> —9y° =144 . Haiitu: a) nonyocu; 6) koop-
IUHATHl (DOKYCOB; B) DKCIIEHTPUCUTET; T') ypaBHEHHUS aCUMNTOT; 1) YpaBHEHHUS ITU-
pEKTpHUC.

12.3.3 IlocTpouTs ciemyromue napabosisl U HAliTH UX HapaMeTpsl: a) )~ = 6x;
6) x>’ =8y;B) ¥’ =—10x;T1) x* =—4y.

12.3.4 HanucaTe KAHOHUYECKOE YPABHEHHE DJUIMIICA U IIOCTPOUTD €r0, ECIIH:

a) MaJias MoJiyoch paBHa 3 u 00JbIIas MOJyoCh paBHa 5;

0) Gosbiasi moyyoch paBHa 13 u paccTosiHue Mexay Gokycamu paBHO 24;
B) paccTosiHUE MEXIy (POKycamMu paBHO 6 U SKCIIEHTPUCUTET paBeH 3/5;
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T') MaJias MoJIyOoCh paBHa 5 ¥ AKCIIEHTPUCUTET paBeH 12/13;

1) paccTosiHue Mexay (pokycamu paBHO 4 U pacCTOSTHUE MEXIY TUPEKTpUCAMU
PaBHO 3J;

€) SKCIICHTPUCUTET paBeH 3/5 U pacCTOSIHUE MEXK]y TUPEKTpUCaMU paBHO 32.

12.3.5 HanucaTh KaHOHUYECKOE YpaBHEHHE TUNIepO0Ibl U TOCTPOUTH €€, eCIu:

a) MHMMas TI0JIyOCh paBHa 3 U JIeWCTBUTENbHAS MTOIYOCh paBHa 2;

0) MHHUMasI TOJYOCh paBHA 4 U paccTosiHUE Mexy dhokycamu pasHo 10;

B) pacCcTOsIHUE MEXKIYy (POoKycamu paBHO 6 M SKCIICHTPUCHUTET paBeH 3/2;

T') IeHCTBHUTENbHAS MTOTYOCh paBHA 8 W AKCIICHTPUCUTET paBeH 5/4;

4
1) paccrosinue Mexay hokycamu paBHO 20 U ypaBHEHUS aCUMIITOT ) = igx;

€) 9KCLIEHTPUCUTET paBeH 3/2 U pacCTOSIHUE MEXAY AUPEKTpUCaMH paBHO 8/3.

12.3.6 HanucaTpe KaHOHMYECKOE yYpaBHEHHE NapaloJibl ¢ BEPIIMHOM B Hayale
KOOpPJIMHAT U IOCTPOUTH €€, €CIIM U3BECTHO, YTO:

a) mapa0oJia pacrojoKeHa B JIEBOW MOJIYIJIOCKOCTA CUMMETPUYHO OTHOCH-

TeNbHO ocu OX U p = y;

0) mapaboJia pacnofio)keHa CUMMETPUYHO OTHOCUTEIHLHO OCcU Oy U MPOXOAUT
yepe3 Touky A(4;—8);
B) ¢okyc nmapabosbl HaxoauTes B Touke F(0;-3).

12.3.7 Onpenennuts TUII ypaBHEHHS JJUHUNA BTOPOTO MOPSAJIKA, TPEABAPUTEIBHO
IIPUBENS €T0 K KAHOHUYECKOMY BUAY. IIOCTpOUTH IMHUIO B HOBOW CUCTEME KOOPAH-
HAaT U OIIPEACIIUTD €r0 XapaKTEPUCTUKHU.

a) X*+)°+8x—14y+16=0;

6) 16x* +25y° +32x—100y —284=0;

B) 9x” —16y”> +90x +32y -367=0;

r) 2y° —3x-12y+18=0.

12.3.8 Haniucate ypaBHEHHE KPUBOW, IO KOTOPOM JBHKETCS Touka M , eciu
pacctostnue oT He€ no Touku A(1,4) ocraércs B Tpu pa3a MEHbIIE PACCTOSHUS 10
psIMOU x =—7.

12.3.9 Hanucatp ypaBHEHHE KPUBOW, IO KOTOPOM ABHKETCS TOYka M , eciu
pacctostnue ot He€ A0 Touku A(1,3) ocraércs B Tpu pa3a OOJbIIe PACCTOSIHUS 0
npsiMon x =—6.

12.3.10 Hanucate ypaBHEHHUE KPHUBOIi, IO KOTOPOU JBMXKETCS Touka M, eciu
paccTtostHue oT He€ 70 Touku A(5,2) paBHO paCcCTOSHUIO JI0 MPAMON x =1.

12.3.11 3anucarb ypaBHEHUS 3aJaHHBIX KPUBBIX B MOJIIPHBIX KOOPJIMHATAX:
a) y=x;0) x+y—2=0;B) x’+1°=9;1) X’ =y’ =4; 1) X + > =12y.
12.3.12 3anucarb ypaBHEHHS 3aJJaHHBIX KPUBBIX B JIEKAPTOBBIX MPSIMOYTOJIb-

HBIX KOOPAMHATAX U MIOCTPOUTh OTH KPUBHIE:
a) r=4;06) p=37/4;8) r=10cosg; 1) r=1-cose; n) r=10(1+sing).
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12.4 3apnanus N KOHTPOJIHUPYEMOM CaMOCTOATEIbHOI PadoThI

12.4.1 3anana touka N(n;0) u npsimast [:y=—n, i€ n — HOMEp BapUaHTA.
Hanucate ypaBHeHMe IMHUM ), KaKasd TOYKA KOTOPOM:

a) paBHOyAQJICHA OT TOYKA N W npsMoit [

0) pacnoJioKeHa B JiBa pa3a Aajbllie OT TOYKU N , UeM K IpsiMou / ;

B) pacrnoJioKeHa B JiBa pa3za OJmke K Touke N , yeM K npsMoit /.

[IpuBectu moiayyeHHbIE YpaBHEHUS JIMHUN K KAHOHUYECKOMY BUJY, YKa3aThb UX
napameTpbl U XapakTepucTuku. [locTpouts TuHUM.

12.4.2 TlocTpouTh KpUBYIO, 3aJJaHHYIO B MOJIIPHOM CUCTEME KOOPAUHAT. 3amu-
caTh YPaBHEHHE JIMHUU B JIEKAPTOBOU MPSAMOYTOIBHOM cUCTEME KOOPANHAT.

12.4.2.1 r=6sing. 12422 r=3(1—cos@). 12.4.2.3 r=8cos¢.
12.4.2.4 r=3sin2¢p. 124.25 r=2(+cos). 12.4.2.6 r=3cos2p.
124.2.7 r=-4sin3p. 124.2.8 r=3(1-sing). 12.4.2.9 r=4cos3p.

12.4.2.10 r=-3sindp. 12.4.2.11 r=2(1+sing). 12.4.2.12 r=>5cos4gp.
12.4.2.13 r=-2sing. 12.4.2.14 r=6(1—cosg). 12.4.2.15 r=-6c0s@.
12.4.2.16 r=>5sin2¢p. 12.4.2.17 r=4(+cosg). 12.4.2.18 r=-2cos2¢.
12.4.2.19 r=2sin3¢p. 12.4.2.20 r=6(1—-sing). 12.4.2.21 r=-6c0s3¢p.
12.4.2.22 r=06sin4g. 12.4.2.23 r=4(+sme). 12.4.2.24 r=-7cos4p.
12.4.2.25 r=—4sing. 12.4.2.26 r=8(—cosp). 12.4.2.27 r=10cos¢.
12.4.2.28 r=-6sin2¢. 12.4.2.29 r=12(1+sing). 12.4.2.30 r=2cos2¢p.

13 MATPHIIBI
(mpakTnyeckoe 3ansiTue 14)
Conep:xanue: onpeaeIeHUEe MATPHUIL; CIOKCHUE M YMHOKEHUE MaTpPHIL;, MPO-
W3BEJICHUE U TPAHCIIOHUPOBAHUE MATPHIL.

13.1 Teopernueckuii MaTepuaJ Mo TeMe NPAKTHYECKOT0 3aHATHUS
Onpenenenue 13.1.1 Mampuyeri pasMEpHOCTH M X} HA3BIBACTCS MPSIMO-
yrojbHas TabJIIA, KOTOPast COAEPKUT M CTPOK U 71 CTOJIOOB.

a, 4ap a,,
a a a
21 2 2n
A:Amxn:( U): , i=1lm, j=1n,
aml am2 amn

e a; (z'zl,m, j=1,n) — BJIEMEHTBhl MaTpHUIlbl, KOTOPbIE MOTYT OBITh YHCIIAMH,

GyHKIMSIME, BEKTOpaMH, MaTPHUIIAMHU U JPYTHUMH MMPOU3BOJIBHBIMU O00OBbeKTaMu. [lep-
BbId MHAEKC [ YKa3bIBA€T HOMEpP CTPOKH, a BTOPOW MHAEKC ] YKa3bIBA€T HOMEpP

crosnibua. Ecou i=1, To Marpuiia Ha3eIBaeTCsl mampuyeti-cmpoxou, ecnu j=1, To
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MaTpHIa Ha3bIBACTCS Mampuyeti-cmoaoyom. Matpuiia, BCe dIEMEHTHI KOTOPOU paB-
HBI HYJIIO, Ha3bIBAETCA H)esot U obo3HavyaeTcs O .
Martpuiia, B KOTOpOH i= j, TO €CTb YHCJIO CTPOK PaBHO YHMCIY CTOJIOIOB,

HA3bIBAETCA KBAJPaTHOM MaTpHllel. B KBanpaTHON MaTpHIE SIEMEHTHL a,,,d,,,...,d,

n

00pa3yloT INIaBHYIO JWAaroHanb, a JJE€MEHTHl a,,,d,, ,,...,d, OO0Pa3yloT MOOOYHYIO

nl

IUaroHasib. Marpuiia, B KOTOPOW HUKE U BBIIIE ITIABHOM JUATOHAIA BCE 3JIEMEHTHI
paBHbl 0, Ha3bIBaeTCs OuazoHanvbHou maTpuiled. JluaroHaibHas Marpulla, BCe diie-
MEHTBI KOTOPOU paBHbI 1, Ha3bIBaeTCs eouHuuHou U 0003Havaercs E .

Ha mHOkecTBe MaTpull BBOJSATCS CIEAYIOIIUE ONEpalliu: CI0KEHUE MaTpHIl,
YMHOXEHHUE MATPUIIbl HA YUCIIO, POU3BEJCHUE MATPHLl, TPAHCIIOHUPOBAHUE MATPHU-
IT6I.

1. Croowcenue mampuy. JlanHas onepaiysi BBOJUTCS TOJIBKO JJIsi MATPUIL O/1U-

HAKOBOM pasmMepHOcTH. CyMMOM MaTpuubl A, = (a. ) U MaTpuuel B = (bU) Ha3bl-

i

BaeTcs Marpuna C, = (Ci'): A, + B> TOC ¢y =a, +b, ( i=lm, j= I,_n)

2. Ymnoorcenue mampuyst Ha yucno. Jlannag onepanys BBOJUTCS ISl MATPHI]
MPOM3BOJBLHON pa3mMepHOCTH. IIpousBeneHueM Matpuipl A :(al.j) Ha 4YHUCIO «

Ha3bIBACTCS MaTpULIA C:a-Az(cl.j), rae ¢, =a-a; ( izl,_m, jzl,_n).

3. Ilpoussedenue mampuy. JlanHas omnepanust BBOIUTCS TOJIBKO JJIsS COTJIAcO-
BaHHBIX MaTpuIl. MaTtpuiia 4 Ha3bIBAETCS CO2NACOBAHHOU C MaTpulle B, eciau yuc-
JIO CTOJIOLOB MaTpulibl A paBHO YUCIY CTpOK Matpuusl B. [IpousBeaennem marpu-

uel A, = (ay) Ha Marpuny B, = (bjk) HasplBaeTcs Marpuna C, = (c,)=4-B,
rae c, = Zaij by ( i=1m, Jj= Ln, k :I,_p) B o0wem ciiydae onepauus npousBe-
j=1

J€HUSI MaTpHI] HE 00JIaJa€T CBOMCTBOM KOMMYTATUBHOCTH, TO €cTb AB # BA. Ecnu
BBITIOJIHSIETCSI PaBEHCTBO AB = BA, TO MaTpullbl Ha3bIBAIOTCS NEPECTAHOBOYHBIMU
WM KOMMYTHUPYIOIIUMHU. [[71s1 mpou3BeeHHs] MaTpHIl BCEr/ia CIpPaBeIIUBbl pPABEH-
cTBa: A(BC)=(4B)C, A(B+C)=AB+ AC ,(B+C)A=BA+CA u

A"=A-A-...-A. Ecnu matpuubl A u E cornacoBanbl, To AE=FEA=4.
%f_/
n pas

4. Tpancnonuposanue mampuy. JlanHasi onepanusi BBOOUTCS 1JI1 MAaTPUIL IPoO-

7
M3BOJILHOM pa3MepHOCTH. MaTpuiia 4 Ha3bIBaeTCs TPAHCTIOHUPOBAHHOM K MATpPHIIE
A, ecnu oHa mojiydeHa U3 He€ MyTEM 3aMEHBbl CTPOK Ha CTOJIOIbI, a CTOJIOIOB Ha

T
T
CTPOKHU. [lJ11 TpaHCIOHMPOBAHHBIX MATPUIl CIPABEIJIMBBI PABEHCTBA! (A ) =4,

T T

(A+B) =A"+B" u(4-B) =B"-A".
MHOk€eCTBO MAaTpull OJAMHAKOBOM Pa3MEPHOCTH, BBEIAEHHBIMU OIEPALUSIMHU
CJIOKEHUS ¥ YMHOKEHHUS Ha YUCJI0, 00pa3yloT BEKTOPHOE MPOCTPAHCTRBO.
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13.2 IIpuMepsbI penieHUsi THNOBBIX 32124
13.2.1 Haittu nuneitnyto komOunaiuwo 24 —3B, ecnu matpuiibl 4 U B ume-

2 -4 7 3 5 6
10T BUJ: A= , B= .
3 5 2 2 -3 4

2 4 7 3 5 6
Pemenue. 24—-3B=2- -3. =
3 5 2 2 -3
(4 -8 14) (9 15 18) (-5 -23 4
e 10 4) l6 9 12) Lo 19 -8)

4 6
2 5 3
13.2.2 Haiitu nnpousBeieHue MaTpul; A =(4 g j ubB={2 1].
7 3

4 6
2 1=

2 53
Pemenne. 4-B=C, , = -
4 8 2

3
2:4+5-2+3-7 2-6+5-1+3-3) (39 26
4.4+8-2+2-7 4-6+8-1+2-3) (46 38)

13.3 3apanus nJiA penieHus: HA MPAKTUYECKOM 3aHATHH
13.3.1 Haiitu nuneiinbie koMOuHauu 44 —58 u 24+ 3C, ecnu Matpunbl 4,

4 4 9 27 -3 4 5 -6
B u C umeror Bua: A= , B= , B= .

-1 3 7 1 25 3 2 0
13.3.2 Haiitu npoussenenue mMatpuni A-B u B’ - A", ecnu matpunsl 4 u B
2 0 3 2 4 1
nmerorBua: A=|1 4 6|, B=|-3 4 2|.
51 7 1 6 3
13.3.3 Haiitu nipousBenenue matpuil, A-B u B- A, ecnu matpunisl 4 u B
2 1 5
2 4 -9 3
3 0 2
nmeroT Bua: A=0 -5 3 7 |, B= .
6 2 3
2 1 5 4
5 -7 8
0 0 1
-1 -1
1 1 2 7
13.3.4 Berunciauth 2 2|
2 23 9
1 1
3 3 4



. 1 -2y cosgp —sing)
13.3.5 Haiitu: a) ;0) | . , e nel.
3 4 sing  cos@
13.3.6 Haiitu 3nauenue mHorouneHa f(B) ot maTpuilbl B, ecnu marpuiia B

3ajaHa B 3amaue 13.3.2u f(x)= 3x* —5x+4.

1 2
13.3.7 Haiitu Bce MaTpuIlbl IEPECTAHOBOYHBIE C MATPUIIEH (3 4].

13.4 3apaHus NI KOHTPOJIHPYEMOM CaMOCTOATEIbHON Pa0d0ThI
13.4.1 Jansl ase matpuusl A u B. Haittu: a) A-B; 6) B-A4; B) A" -B";
r) f(A),ecmn f(x)=2x>—-3x+2.

3 23 -2 3 4
13411 A=|5 4 0|,B=|3 -1 -4
1 7 2 -1 2 2
4 1 2 1 0 3
13412 A=|3 -0 6|, B=/3 1 7|
8 1 .5 2 1 8
3 41 -11 0 2
13413 A={0 4 2|, B=| 2 3 2}.
1 6 7 3.7 1
6 -1 3 31 0
134.14 A=|5 4 -6 ,B[ 3--°2
2 1 4 2 2 -7
I 2 3 2 1 -4
13415 A= 5 1 4|,B={4 -9 3
-2 0 3 2 -7 -1
3 -39 I =25
1341.6 A=|6 5 2|, B=|3 6.
4 3 0 4 3 4
0 -7 2 3 5 -6
13417 A=/4 5 3 ,B[Z 4 3
6 2 4 -3 1 1
3 0 1 2 3 2
134.1.8 A4=|4 3 3}, B={3 1 2].
5 4 1 4 1 3

~
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14 OIIPEJAEJIMTEJIN
(mpakTnyeckoe 3ansaTue 15)
Coaep:xanue: onpeaeauTeNb n-TO MOPSAKa, ONMPEACIUTENbh BTOPOTO U TPEThE-
r'0 TIOPSIIKOB; CBOMCTBA OMPEICUTENS; MUHOPBI M alnredbpanyeckue JTOMOJHEHUS; 00-
paTHas MaTpHIia.

14.1 Teopernuyeckuii MaTepuaJs Mo TeMe MPAKTHYECKOT0 3aHATHUS

Ilepecmanosxoti aucen 1,2,3,...,n Ha3pIBAETCS JIFOO0E PACTIOIOKEHUE ITUX UH-
cesl B ompeAesieHHOM nopsijike. Uuciao Bcex nepecTaHOBOK, KOTOPbIE MOXKHO 00pa3o-
BaThb M3 1 4YHCEl, paBHO 7n!. PacCMOTpUM IEpPECTaHOBKY U3 4YUCENl J,, j,,..., ], . JABa
qyucja B TIEPECTAaHOBKE 00pa3ylOT MHBEPCUIO, €CIU OOJIbIIIEE YHCIO CTOUT JIeBee
MEHBIIETO. YHCIo t[ JisJpseees jn] YKa3bIBAa€T YMCIIO UHBEPCUN B IEPECTAHOBKE.

[Tonsarue onpeaenuTesisi BBOAUTCS TOJBKO JJIsl KBaJApaTHBIX MaTpuil. PaccMoT-
PUM KBaJpaTHYIO MATPHUILY

a, 4a, ... 4,
A _ a21 a22 a2n
anl anz ann

Omnpenenenue 14.1.1 Onpedenumenem n-ro mopsiika Ha3bIBacTCs alredpau-

deckas CyMMa IPOM3BEACHUH BUIA @, -d, -a, , TIE DICMEHTHL 4, ,d, , ,...,d,,

]2 * cee
MaTpHUIbI A B3ATHI O OJHOMY M TOJIBKO.IIO OAHOMY M3 Kﬂ)KI[OfI CTPOKH H KaXXI0I'O
CTOJ'I6Ha. 3HaK Inepea mMpou3BCACHUEM CTAaBUTCA «+ ), €CJIIM YHUCIIO I/IHBepCI/Iﬁ B IICpC-

CTAaHOBKE U3 YUCEIl j, /,,..., j, SABIAETCA YETHBIM, & 3HAK « —», €CJIM YUCIIO UHBEPCHUU
B 3TOM NEPECTAHOBKE SIBJISICTCS] HEUETHBIM.

all a12 aln
a a ..o a P ;
_ A |9 Yy - | tJisdzseein]
‘A‘ =detd=A= = Z ( 1) ay; ay; e,
oo e | epecmanosu
(jl ’j2 """ jn)
anl an2 ann
a, 4ap
Onpeodenumens 6mopo2o nops0Ka paBeH YUCTY =a,,0y; =0,y -
a a
21 2

Onpedenumens mpemve2o NopsoKa BHMUCIAETCA MO HPAaBUIY TPEYTONbHUKA
unu npaBuity Capproca.

a, 4y, a4

Ay Gy A3 = A Ay Ay + A1y Ap3lsy T 01305 A3y = 130503, = A1p0,,033 — 0y A Ay, -

a;; Gy Ay

CxemaTnueckas 3almch ImpaBujia TpCyrojJdbHUKa NMCCT BHU/:
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Co 3HaKOM «+» BBIOMpaeM TMPOU3BEICHUE AJIEMEHTOB, CTOAIIMX Ha TJIaBHOMN
IUaroHajau, U MPOU3BEJEHUE DJIEMEHTOB, 00pa3yIoLUX pPaBHOOEIPEHHBIE TPEYTOIb-
HUKHU C OCHOBAaHUSAMH, MapauIeIbHBIMU TJIAaBHOW JIMArOHAJIM; CO 3HAKOM «—» BbIOUpa-
€M IPOU3BEJICHUE JIEMEHTOB, CTOAIIMX HA MOOOYHON JUAroHaiu, U MPOU3BEACHHE
AJIEMEHTOB, 00pa3yIOIUX PaBHOOEAPEHHBIE TPEYTOJbHUKH C OCHOBaHUSIMHU, Hapall-
JIENbHBIMH MOOOYHOM THUaroHalIH.

[IprBenEémM OCHOBHBIE CBOMCTBA ONPEACIUTENCH:

1) |4"=|4

2) ecnu OMPEAETUTENh CONEPXKUT HYJEBYIO CTPOKY, TO €ro 3Hau€HHE PaBHO
HYJIIO,

3) ecnu B ompeneauTene UMEIOTCS ABE PaBHBIE CTPOKHU, TO €r0 3HAYEHUE PaBHO
HYJIIO;

4) ecnu cTpoka (CTOJIOEI) OMpEACIUTENS IpPEACTaBIsIeT COOOW JIMHEHHYIO
KOMOUWHAIIMIO IPYTUX CTPOK (CTOJIOIIOB), TO €r0 3HAYECHUE PABHO HYIIIO;

5) ecnu B omnpeenuTeNe MOMEHATh MECTaMU JIB€ CTPOKH (CcToj011a), TO 3HayYe-
HUE OTPEICTUTEIISI U3MEHUT 3HAK Ha TMPOTUBOIOJIOKHBIN;

6) MOCTOSTHHBIM MHOKUTEIh CTPOKH (CTO0IIa) MOXHO BBIHOCUTH 3a 3HaK
OTIPEIIEITUTEIIS;

7) ecnu KaxAbld 3JIEMEHT KaKOW-Tu00 CTPOKU (CTOJIOA) ONPEACIUTEIIS PeI-
CTaBJsIET COO0H CyMMY JIBYX CJIaraeMbIX, TO TaKOW OMPEACIUTENh PaBEH CyMME JIBYX
OTpeIeNIUTEINICH, B IEPBOM M3 KOTOPBIX COOTBETCTBYIOIIAs CTPOKA (CTOJIOEI) COCTOUT
13 MEPBHIX ClIaraéMbIX, @ BO BTOPOM — M3 BTOPBIX CIaraéMpIX;

8) 3HaueHHEe OMpeACUTENsI HE U3MEHUTCS, €ClIu K cTpoke (cTosdiy) mpubda-
BUTH APYTYIO CTPOKY (CcTON0EI), YMHOKEHHYIO Ha OJHO M TO € MPOU3BOJIBHOE YHC-
710, OTJIMYHOE OT HYJIA,

9) |4-5|=|] 3|

Onpenenenne 14.1.2 Munopom M, >1eMeHTa a; Ha3bIBACTCS ONMPEICIHUTENb

b

(n—1)-ro mopsiaKa, MOJIYyISHHBIN U3 OMPEACIIUTEINS 7 -TO TOPSJIKA, IMyTEM BBIYEPKH-
BaHUS I -OM CTPOKHU U ] -TO CTOJIOIIA.
Onpenenenne 14.1.3 Ancebpauueckum dononnenuem A; dneMeHTa a,; Hasbl-

»
Baercs uncno A, =(—1)"" M.

Teopema o0 pasiio:keHMH ONpeAeJUTENsI MO CTPOKe (CTOa0MY). 3HAUCHUE
OTIPENIEUTENII PaBHO alreOpandeckod CyMMe MPOU3BEACHHUM DJIEMEHTOB CTPOKU
(cToib1a) Ha Ux anreOpandecKue JOMOJTHCHHS.

Brruncnenne 3Ha4eHus ONPEICIIUTENS ITyTEM PA3JIOAKEHHUS I10 I -OM CTPOKE:
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‘A‘ =a, A, +a, A, +..+a, - A, .
Bolunciienrie 3HaueHUs ONPEACIUTENS yTEM Pa3IoKEHHUS IO ] -y CTOJNOILY:
Al=a, -4, +a,, -4, +..+a,-A,.
Onpenenenue 14.1.4 Matpuiia Ha3bIBaCTCA HEBbIPONCOEHHOU, €CIIU €€ OIpe-
JEJHUTENb OTJINYEH OT HYJISL.
Onpenenenne 14.1.5 Marpunia A~ HaswsBaeTcs ob6pamuoii K Matpune A, ec-
JIM CYIECTBYIOT TIpou3BeaeHus Matpull A - A u A- A”', KoTopble paBHBI MEKIY CO-
001 ¥ paBHBI €IMHUYHOU MATPHUIIE, TO €CTh A'A=A4"=E.
OOpartHast MaTpuIla CyIIECTBYET TOJBKO Yy HEBBIPOXKJIEHHBIX KBaJIPATHBIX MaT-
PUIL U UMEET TY K€ pa3MEPHOCTh, YTO U caMa MaTpHIla.

JInst MaTpuisl A CyIIECTBYeT eIMHCTBEHHAs oOpaTHas Matpuua A ', KOTOPYIO

All A21 Anl
A, A, .. A
HaxoauM 1o gopmyne A~ = € C= LA A it
4|4
A A A

2n nn

Martpuna C Ha3bIBaeTCS COIO3HOM WM MPUCOECIUHEHHOM, €€ DIIEMEHTAMHU SIB-

1n

7
JSAIOTCS alreOpanyeckue JONOJHEHUs TPAaHCIIOHUPOBAHHOM MaTpulbl 4 .

14.2 Ilpumepsl penieHUus1 THIIOBBIX 32124

I 5 1
14.2.1 Bpruncnuts onpenenurens Matpuabl 4= 1 8 5.
2 11 4
Pemenune. Beruucinum onpeaenuTens Mo NpaBuily TPEYrojJbHUKA:
1 5 1
|4=|1 8 5/=1-8-4+5-5-2+1-11-1-1-8-2-5-1-4-5-11-1=2.
2 11 4
21 4°0
3 2 2 4 .
14.2.2 Bprunciuth ONpeAENUTENb MAaTpULbl A = s 3 4 1 IIyTEM pasJio-
2 3 15
YKEHHUsI IO BTOPOM CTPOKE.
21 40
1 4 0 2 40
3 2 2 4 2+1 2+2
Pemenue. |A4|= =3-(-D""-3 4 1+2-(-D**-|5 4 1|+
5 3 41
3 15 2 1 5
2 315
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210 2 1 4
2-(=D*-5 3 1+4-(=1)""-|5 3 4=-3-(-29)+2-(-54)-2-1+4-21=61.
2 35 2 31

14.2.3 Haiitu oOpatHyro MaTpHIly K MaTpulie, 3aJaHHOM B ipumepe 14.2.1.
1 5 1

Pemenue. Onpenenurens Matpuuel A=| 1 8 5 | HaiineHn B npumepe 14.2.1

2 11 4
U paBeH |A| = 2. Haiiném anreOpanueckue JOMOIHEHUS.
8 5 5 1 5 1
A4,= =-23, A4,=- =-9, A4, = =17,
11 4 11 4 8 5
1 5 1 1 I 1
A12:_2 426, A22:2 4:2» A32:_1 5:_49
A—l 8_5 A—IS—IA—IS—?,
S i | AR NS O R O
1 All A21 A31
Haxoaum o6patHyro matpuily A ' = m A4, 4, 4, |=
A13 A23 A33
| -23 -9 17 -11,5 -4,5 8,5
=3 6 2 4= 3 1 -2
-5 -1 3 -2,5 -0,5 1,5

14.3 3apanus 1)1 pelieHUsl HA NPAKTHYECKOM 3aHATHH

14.3.1 OnpenenuTh Y4ETHOCTh MOACTAHOBKU (4 1 3.2 6 5).

14.3.2 BoisicHUTb, KaKue U3 NPUBEAEHHBIX TPOU3BEACHUN BXOJAT B ONPEIETH-
TEJIA COOTBETCTBYIOIIUX MOPAAKOB, U C KAKUMHU 3HAKAMU: Q) d,30,,0550,,0s, 5
0) Ag\0y;0450350, 05,5 B) Qyyly5Qs10y 053Gy 5 T) Qyylyslis 8yl -

14.3.3 BeiOpath 3HaueHHs | U ] TaK, 4YTOOBI IPOU3ZBEHCHUE Ay ,(;s0s30, A4y,
BXOJIUJIO B HEKOTOPBIN OMpPEAEIUTENh CO 3HAKOM: a) TUTIOC; 0) MUHYC.

x—1 7-x cos9x sin9x
14.3.4 Pemuth ypaBHeHue: a) =0; 0)| . =
x+3 sin3x cos3x
14.3.5 C nomo1iplo MpaBuiia TPEYrOJIbHUKOB BHIYUCIUTD OMPEACTUTENHN:
2 4 -1 4 6 3 3 2 7
a)|3 6 2|; 6)|1 5 9 B) [7 8 15].
1 5 7 3 25 2 3 4
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14.3.6 Peminth HEpaBeHCTBA:

2 X 3 7—x 6 3
a)l4—x 6 2 |£0; 0)| 2 3—x 4 |>0.
7 8 9—x 3 2 x—7
2 1 3 3
3 2 20 .
14.3.7 3agaH onpenenuTenb { 1 0 1 Haiitu MMHOpPBI DIIEMEHTOB a,, U
2 -1 0 2

a,,, a TaKkKe anreOpandecKue JOMOJIHEHHS IEMEHTOB d,, U d,,. BBIYUCINTE ompe-
JICJIUTEIIb: a) PA3JI0kKUB €ro IO JIEeMEHTaM BTOPOM CTPOKH; 0) pas3iokKUB €ro 1o Jie-
MEHTaM TPETHhEro CTOJIONA; B) MOJIYYUB MPEABAPUTEILHO HYJIU BO BTOPOM CTOJIOIE;
T') IOJYYUB MPEABAPUTEILHO HYJU B TPETHEH CTPOKE.

3 2 5 1
4 6 3 .

14.3.8 3agaH onpenenuTenb 3 2 3 3| Halitu MUHOpPBI DJIEMEHTOB a,, U
2 4 5 -1

a,,, a TaKke anreOpandecKue JONOJHEHHS JIIEMEHTOB a,, U a,,. BeraucinTs ompe-
JICJIUTEIIb: a) PA3JIOKHUB €T0 IO AJIEMEHTaM NEePBOM CTPOKH; 0) pa3IoKUB €ro 1o dJe-
MEHTaM 4YeTBEPTOTO CTOJOIA; B) MOIYYUB MPEABAPUTEIHHO HYJIU B yIOOHOU mJis
npeoOpa3oBaHus CTPOKE WM CTOJIOILY.

14.3.9 Jlns matpuusl A HaliTH obpaTHyio matpuny 4 ' n yOemuThCs, uTo

1 3 2 -2 1 0
AA"'=E n A'A=E,ecmm:a) A=| 2 5 1[;6) A4=| 1 -2 2
-1 2 3 2 1 -3

14.4 3ananus NJI KOHTPOJIHUPYEMOM CaAMOCTOATEIbHOI PadoThI
14.4.1 B 3anaue 13.4.1 3ananbl matputiel 4 u B. Jlyis matpuiel B HailTh 00-

patHyto Matpuity B~ u ybemuthes, uto B-B'=E u B'-B=E.
14.4.2 JIns naHHOTO ONpEAEIUTES HAaUTH MUHODPBI DJIEMEHTOB 4, d, ;M-

rebpanyecKue JAOTOJHEHHS dIEMEHTOB d 5, 4, ; . Boraucnuts onpenenurens det 4:a)

PaA3NIOKHUB €r0 MO dJIEMEHTaM -0l CTPOKH; 0) pa3iloXHUB €ro MO 3JIEMEHTaM j-TO
CTOJIONA; B) TIOJYYUB MPEIBAPUTENHHO HYJIU B POU3BOJILHON CTPOKE MM CTOJIOIIE.
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=3.

=1,

I

9 -8

1

3

9

5
3

-8|” j=1.

1

9

5

14.4.2.2

=2.

14.4.2.4

14.4.2.6

14.4.2.10

14.4.2.12

14.4.2.14

14.4.2.16

_9’]'

3

31 j=1.

1

2

0

=3 j=4.

4 2

0

41" j=1.

4 -5

3

14.4.2.1

14.4.2.3

14.4.2.5

14.4.2.7

14.4.2.9

14.4.2.11

14.4.2.13

14.4.2.15
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6 1 0 1 82 5 3

5 4 3 3| i=3, 30 1 -4 i=3,
44217 | o - 44218 | e

6 2 -5 8 75 6 6

6 7 2 9 5 2 5 -9

1 -6 5 3 i=2, 2 3 4 8| i=2
44219 | o o 144220 |\ 0 o1

8§ 5 -3 4 0 -5 2 1

2 -8 6 5 5 3 6 -4

3 2 2 3| i=4, 3 2 7 2| i=4,
4d221 | o s 44222 | o iy

0 3 7 -9 0 -3 5 2

§ 9 1 7 8 6 9 0

6 4 2 =5 i=3 3 4 5 -3 i=1
144223 | . T S P T

7 4 -3 3 9 -7 8 1

1 -1 0 2 5 7 2 -9

7 2 —6 3| i=4, 0 3 -2 1| i=4,
144225 | S o3 144226 | ., L o1

5 3 7 4 8 -5 6 8

9 7 3 9 9 5 4 -7

§ 8 5 -1 i=4, 58 2 5| i=l,
44227 | i3 144228 | o L

7 9 -6 1 0 =2 3

7 0 2 6 1 7 5

6 -3 1 7| i=l, 7 2 -5 3| i=4,
144229 |0 o, 14230 1 0 & 5

5 1 -9 8 9 0 5 -3

15 CUCTEMBbI JIMHEMHBIX AJITEBPAMYECKNX YPABHEHUH
C HEBBIPOKIEHHOMW MATPUIIEN
(mpakTu4eckoe 3anstue 16)

Coaep:xaHue: paHr MaTpUIsl U Teopema 0 0a3MCHOM MHHOPE; METOJIBI OIpe-
JICTICHHS] PaHra MaTPUIIbI, PEIIEHNE CUCTEM JIMHEWHBIX alreOpandecKux ypaBHEHUN
MaTpUYHBIM METOAOM, 10 popmynam Kpamepa, metogom ["aycca.

88



15.1 Teopernyeckuii MaTepuaJI 1o TeMe NPAKTHYECKOI0 3aHATHUS
Omnpeneaenune 15.1.1 Pancom matpulibl A Ha3bIBACTCA YUCIO ¥ =rangA, Ko-

TOpPOE PAaBHO HAUBBICIIEMY MOPSAKY MUHOPA, OTIMYHOMY OT HYJIA.

CBoiicTBa paHra MaTpHIIbL:

1) 0 <rangA <min(m;n) Ti€ M,n — YUACIO CTPOK U CTOJOIIOB MaTPHULIbI;

2) rangA” =rangA;

3) aneMeHTapHbIe MPeoOpPa30BaAHUS HE U3MEHSIOT pPaHTa MaTPUIIbI;

4) ecnu Bce BO3MOKHBIE MHHOPBI £ -T'O MOPsIIKa PaBHBI HYJIO, TO BCE MUHOPBI
00J1€€e BHICOKOTO MOPSAJIKA TAK)KE PaBHBI HYJIIO.

K anemeHTapHbIM IIpeoOpa30BaHUSM OTHOCSTCS:

a) TIepecTaHOBKa CTPOK (CTOJIOLIOB) MATPHUIIbL;

b) yMHOXeHUE CTPOKH (CTOI011a) MATPUIIBI HA YUCIIO, OTIUYHOE OT HYJIS;

C) YMHOXXEHHE CTPOKU (CTOJOIIa) MATPHUIlbI HA YHUCJIO, OTIWYHOE OT HYJISA, U
npuOaBiIeHUE K HEW COOTBETCTBYIOIIMUX 3JIEMEHTOB JIPYroi CTpOKH (cTon0La).

Crtpoky (cTosbelr) MaTpuilbl HA30BEM JMHEHHO-HE3aBUCUMOM, eciu €€ (ero)
HEJIb3s MPEJCTAaBUTh B BHUJIC TUHEHHON KOMOMHAIIMK OCTaIbHBIX CTPOK (CTOJIOIOB).

Onpenenenue 15.1.2 Munop nHazvieaemcsa 6a3ucHviM, €CJIM OH OTIUYEH OT HY-
JIS1 ¥ €r0 NOPAJIOK COBNAJAET C PAHITOM MATPHUIIBI.

Teopema o 6a3ucHoM MuHope. ba3ucHbie CTPOKHU (CTONOIIBI) MATPHUIILI, KOTO-
pbIe COOTBETCTBYIOT €€ 0a3MCHOMY MHHODY, SBIISIOTCS JHHEHHO-HE3aBUCUMBIMH, a
J00bIE CTPOKU (CTONOLBI) MaTPHULIbl, KOTOPbIE HE BXOJIAT B Oa3MCHBI MUHOP, SIBJIS-
I0TCSl IMHEHHON KoMOUHAaImel 0a3UCHBIX CTPOK (CTOIOIIOB).

PaHr maTpuibl HaXOOUTCS JTHOO MEMOOOM OKAUMAAIOWUX MUHOPOE, TNOO Me-
TOJOM 91eMeHMApPHbIX NPeobpa306aHuti, KOTOPbIE HE U3MEHSIOT paHTa MaTPHULIBL.

[Ipu BBIYUCICHUH paHTa MAaTPUIBI METOJ0OM OKAUMJISIOIIUX MUHOPOB IMEPEXO0-
UM TOCJEI0BAaTENIbHO OT MUHOPOB HU3BIIETO MOpSAAKAa K MMHOpaM 0oJiee BBICOKOTO
nopsinka. Ecnu Haiinen MuHOp M, KOTOPBI UMEET MOPSAAOK k& U MPH ITOM OTIUYCH
OT HYJISI, TO HEOOXOMMO BBIYHCIUTh MUHOPHI k + 1 mopsika, OKaiMIISIOIINE MUHOP
M, To ecTh coiepxalllie ero B KauecTBe MUHOpA. Eciu Bce OHM paBHBI HYJIO, TO
paHT MaTpHIIBl paBeH uynuchy k . [Ipu BEIYMCIIEHUH paHTra MATPHUIII METOIOM dJIEMEH-
TapHBIX MPeoOpa3oBaHUil MPUBOIUM MATPHUILYy K TpaneneugalbHOMY BUIY, BEIUEPKU-
Bas HyJIeBble CTpOKH (cToiO1bl). [IpeoOpazoBanus mpoBoauM JHUOO TONBKO Haj
CTpPOKamMH, JUOO TOJIbKO HaJ cTojOmamMu. PaHr maTpuibl paBeH YWy JUHEHHO-
HE3aBUCUMBIX CTPOK (CTOJIOIIOB).

PaccMOTpuM cUCTEMBI TUHEHHBIX aareOpanvyeckux ypaBHEHUM.
(a,x, +a,x, +...+a,x =b,
. . . layx +ayx, +...+a, x, =b,,
OOt BUA cucmemsvl TUHEUHbIX YPAGHEHUU: <

............................................

a,x, +a x,+..+a, x =b

mn~"n m*
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Mampuunvii 6u0 cucmem JIWHEWHBIX anreOpandeckux ypaBHeHuid: AX =B,

a, a, .. a, b,
a21 a22 aZn b2
rae A= — OCHOBHAsl Mampuya CUCTEMBI;, B = — Mampuya-
a, a, .. a, b,
X
. X .
cmonbey c60000ubIX unenos, X = — mampuya-cmoabey Heuz8eCmHbIX;
'xn
a, a, .. a,l|b
* a, n e Gy,|b,
A = A‘B = — pacuupennas mampuya CUCTEMBI.
aml amz amn bm

Ecnu cTonbenr cBOOOAHBIX YJICHOB HEHYJEBOM, TO CHCTEMa Ha3bIBaeTCsl HEOJ-
HopoaHoi. Ecnu cTonben cBOOOAHBIX UJIEHOB HYJIEBOM, TO CHCTEMa Ha3bIBAETCS 00-
HOpOOHOU U B MaTpuuHOM (hopme 3anucu umeet Bua: AX =0.

7
Marpura X° = (xlo Xy . xf) HA3bIBAECTCS PELICHHEM CHCTEMBbI JINHEHHBIX

anre6pa1/1qecxnx ypaBHeHHﬁ, CCJIK IIpHU IMOACTAHOBKC 3HAYCHUM XIO,XS,...,XS BMCCTO
IIEPEMCHHBIX X, X,,...,X, BCC YPAaBHCHHsI CHCTCMbI 06paHIaIOTCH B TOXACCTBA. Pe-

IIUTh CUCTEMY O3HAYAEeT HAUTHU BCE €€ PEIICHMUS.

Omnpenesenue 15.1.3 CucreMa NHMHEHHBIX aIreOpanuecKuX ypaBHEHUN Ha3bl-
BAETCS COBMECMHOI, €CIIM OHA UMEET XOTs Obl OHO PEIICHHUE.

Teopema Kponekepa — Kaneaau. [ Toro 4ytoObl cucTeMa JUHEHHBIX all-
reOpanvecKux ypaBHEHHI OblIa COBMECTHA, HEOOXOIUMO M JIOCTATOYHO, YTOOBI paHT
OCHOBHOW MaTpHUILIbI CUCTEMBI U PAHT PACIIUPEHHON MaTpUIBL 3TOM CUCTEMbI ObLIN

PaBHBL, TO €CTb rangA =rang A‘B.

PaccmoTpum penieHne cucTteM ¢ HEBBIPOKICHHOW OCHOBHOM MaTpPUILIEN CUCTE-
MBI.

Teopema 15.1.1 Ecnu onpenenurtesib OCHOBHOM MATPHIbl CUCTEMBL OTIWYECH
OT Hynﬂ(detA * O) , TO CUCTEMa COBMECTHA U UMEET €IMHCTBEHHOE PEILICHUE.

OTO0 peleHne MOKHO HaUTH Pa3IMYHBIMU METOIAMM.

1. MaTpuunbiii meto. [lycTs cucTemMa JTUHEHHBIX anreOpandecKux ypaBHE-
HU 3anucaHa B MaTpu4HoM Bujie AX = B. VI3 JaHHOTO MaTpU4YHOTO YpaBHEHUS IO-

JTydaeM pellieHne cucTeMsl B Buje: X = A 'B.

2. Meroa Kpamepa. Perienne cHCTEMBI HAXOMM 110 HOpMyIam: X, =

b

>| >

90



rae A — ompenenuresb OCHOBHOM MATPULbI CHCTEMBI, A, — ONpEeeNUTesb, MOJIy-

YEHHBIN MyTEM 3aMeHBI j-TO CTOJI01Ia CTOJIOIIOM CBOOOAHBIX WICHOB U [ =1; 1.

3. Meron I'aycca. CyTb JaHHOTO METOJa COCTOMT B IPHUBEIECHUU PACILIUPEH-
HOI MaTpHULbl CUCTEMBI K TpaneueuJalbHOMY BUIY MyTEM 3JIEMEHTAPHBIX Ipeodpa-
30BaHMI HaJl cTpokKamu (cronOuamu) Matpuisl. [locie 3Toil onepanuu OT NOJIy4eH-
HOM HOBOW pAaCIIMPEHHON MATpHIIbI MEPEXOAUM K CHCTEME ypaBHEeHMU. M3 mocnen-
HETr0 71-r0 ypaBHEHHUs HAXOJUM 3HAUYCHHUE IEPEMEHHOM X, W INOACTABISEM €ro B

(n=1)-e ypaBHeHHe, U3 KOTOpOro onpeneiseM x, . IIponomkas aHamOrMYHBINA PO-
LECC U3 NIEPBOT0 YPABHEHUS, HAXOAUM X, .

15.2 Ilpumepsl penieHnsi TUIIOBBIX 32124

31 2 41
15.2.1 Haittu panr matpuiel A={6 2 7 6 3
31 5 2 2

Pemenne. Omnpenenum paHr MaTpulbl METOIOM OKaMMIIIOIIMX MHUHOPOB.
Haxonnm oxkaiMisironme MUHOPBI:

1 12 3 1 13 3 2
M{=3#0, Mi=|  |=3:2-1:6=0, Mi=| |=3:7-2:6=920,

32 4
M3i=l6 7 6/=3-7-2+2-6-3+6:5-4-4-7-3-6-2-2-6-5-3=0,
352
321
Mj3=l6 7 3|=3-7-2+2-3-3+6-5-1-1.7-3-2-6-2-3-5-3=0.
352
Panr marpunel paBeH rangd =2, a 0a3uCHBIM MHUHOPOM SIBJISIETCS MHHOP
M} =9.

15.2.2 VccnenoBath cucteMy JUHEHHBIX anreOpandecKux ypaBHEHHUI Ha COB-
MECTHOCTb U B Cllydae COBMECTHOCTH peluTh €€ 1o popmynam Kpamepa.
2x, —3x, +4x;, =13,
3x,—2x, +3x, =12,
4x, +3x, —2x; =3.

Pemenune. Pacumpennas maTpuna CUCTEMBI JIMHEWHBIX YPABHEHUN UMEET BUJL:

2 -3 4]13
AB=|3 -2 3|12 |. Haliném panr OCHOBHOM U PaCILIMPEHHON MAaTPUIIbI CUCTEMBI.
4 3 -2|3
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2 3 4
1 12 2 3 123
M =2#0,M,; = =1#0,M ;=13 -2 3|=4.
3 —
4 3 2
Panr ocHoBHoO#t matpuiiel 4 paBeH rangA=3. Tak kak s pacuIupeHHON

MaTpUIIbl CUCTEMbl MUHOPBI OCTAIOTCSL TE€ K€, a 00Jiee BBICOKOTO MOPSIIKA MUHOP HE
CYIIIECTBYET, TO PAHT PaCHIMPEHHON MATpPHUIIbl paBEH mngA|B =3. CnenoBaTenbHO,

I’Cll’lgA‘B = rangA =3=n , TO €CThb CUCTEMA COBMCCTHA U NMCCT CAMHCTBCHHOC PCIIC-

uue. Pemmm cucremy no dopmynam Kpamapa: A= M5, =4,

13 -3 4 2 13 4 2 -3 13
A=12 =2 3|=4,A,=3 12 3|=12,A,=3 -2 12|=20.
3.3 2 4 3 -2 4 3 3
. A 4 A, 12 A, 20
Pemenue cucrembl ypaBHeHUl: X, = —=—=1, x,=—=—=3, x;,=—=—=5
A 4 A 4 A 4

15.2.3 lccnenoBarb Ha COBMECTHOCTb CHUCTEMY JIMHEMHBIX anre0pandyecKux
YPaBHEHHH U B Cllydae COBMECTHOCTH PEIINTh cucTeMy 1o gpopmyinam Kpamepa.
3x,—2x, +4x; =35,
Tx,—5x, +6x, =2,
4x,=3x, +2x, =6.

Pemenne. Pacimpennas MaTpuiia CHCTEMBI TMHENHBIX YPABHEHUM UMEET BUL:

3 2 4|5
A‘B =|7 =5 6|2 |.HaiinémM paHnr o0CHOBHOM U paCIIMPEHHON MaTPHILIbI CUCTEMBI.

4 -3 2|6

3. -2 4
1 12 3 =2 123
M, =3#20,M, = =—-1#0,M; =7 =5 6|=0.
7 —

4 32

Panr ocHoBHO#l Marpulibl A paBeH rangA=?2. Tak Kak sl pacCUIMPEHHOMN
MaTpUIlbl CUCTEMbl MUHOPBI OCTAIOTCA T€ K€, HO MPU ITOM CYHIECTBYET MHUHOD

3 =25
M2 =|7 -5 2|=-9#0, To paHr pacIUMpEHHOIl MaTpHIbI PaBeH mngA|B =3.
4 -3 6

Tak kak mngA‘B #rangA , TO cUCTeMa HECOBMECTHA, TO €CTh HE UMEET PEIICHUS.

15.2.4 VccnenoBatb Ha COBMECTHOCTb CHUCTEMY JIMHEMHBIX alre0panyecKux
YPaBHEHUH U B CIIy4a€ COBMECTHOCTH PELIUTh CUCTEMY MaTPUUHBIM METOOM.
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x, +5x, + x, =10,
x, +8x, +5x;, =25,
2x, +11x, +4x, =27.
1 5 1
Pemenue. PaccMoTpuM OCHOBHYIO Matpuny cucremsl: A={1 8 5|. B 3a-

2 11 4

navye 14.2.1 BBIUMCICH OMpEaeauTeNh 3TOM MaTpuibl. Tak kak |A|:2¢O, TO, CO-
rimacHo teopeme 15.1.1, cucrema coBMECTHA M UMEET €IMHCTBEHHOE perieHue. Pe-
IIIUM CHCTEMY CPEACTBAMH MATPUYHOTO UCUHCICHHS TI0 dopmyne X =A"-B. 06-

-23 -9 17
paTHasi MaTpuIla HailieHa B 3ajaue 14.2.3: A_lzé- 6 2 4.
-5 -1 3
X, 23 -9 17) (10 -23-10—-9-25+17-27 4 2
X=|x, :%- 6 2 4|25 :%- 6-10+2-25-4-27 :%- 2(=1].
X, -5 -1 3 27 -5-10-1-25+3-27 6 3

CnenosarenbHO, peIIEHUE CUCTEMBI UIMEET BUIL: X, =2, X, =1, x; =3.
15.2.5 Pemuth cucteMy TMHEWHBIX ypaBHEHHN MeTonoM ['aycca.

2x, +3x, +5x; =—1,

4x, +7x, +3x, =5,

6x, +5x, =12.

Pewenne. IIpuBeném pacmmpeHHy0 MaTpULy CUCTEMBI K TpareneuaalbHOMY
BUJly MYTEM 3JIEMEHTAPHBIX PE0OPa30BaHUM.
3/ 5/]_1 3/ 5/|-1
23 sy, (1% Y % A A
AB=|4 7 3|5 |—2—|4 7 3|5 | o 1 7|7 |-

6 5 012 6 5 0]12 0 -4 -15| 15

—_

3 5/1_1 3 5/1_1
A A N L A2 5
4(10)+(1IT) ()
0 1 =717 |———|0 1 -7\ 7 |—>
0 0 43| 43 0O O 1] -1
1 1,5 02 5 1 0 02
7.(0)+(11 ——(I)+(1)
% 0 1 00|—=—"—"5/0 1 00
2 0 0 1]-1 0 0 1/-1
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Ha ocHOBaHMU MeTO/a 3JIeMEHTAPHBIX MPEOOpPa30BaHUil TMOTy4aeM PaBEHCTBO
PAHrOB OCHOBHOW M PACIIMPEHHOW MATPULBI CUCTEMBL: rangA = rangA‘B =3=n,

CJIeZIOBaTENIbHO, CHCTEMa COBMECTHA U MMEET €MHCTBEeHHOe pemeHue. OT nmpeodpa-
30BaHHOM PACIIMPEHHON MATPHULbI CUCTEMBI MEPEXOAUM K CUCTEME YPABHEHUM:

X, =2,
x, =0,
x, =—1.

Takum 00pa3oM, TosydaeM pemenne cucteMsl X =(2 0 —I)T.

15.3 3apanus AJs1 pelieHUs HA NPAKTHYECKOM 3aHATHH
4 5 1 4 3

15.3.1 Hautu panr matpunsr 4=| 8 10 2 9 1

24 2 3 25 13

15.3.2 VccnenoBath cuCTEMbI IMHEWHBIX aareOpanveckux ypaBHEHUN Ha COB-
MECTHOCTH U B CJIy4ae COBMECTHOCTH PEIIUTh UX 1o Gpopmynam Kpamepa:

2x,—x, +2x, =09, 3x, +2x, =1, 3x, —2x, +3x, =4,
a) 13x, +5x, +x; =14, ©0)15x, +4x, +2x,=3, B) {x, +12x, +3x, =21,
3x,+2x, = 3x,=-1; 2x; +3x, —2x, =4, 5x,+22x, +9x, =17.

15.3.3 lccnenoBarh cucTeMbl JIMHEHHBIX aareOpanvyeckux ypaBHEHUN Ha COB-
MECTHOCTh U B CIy4a€ COBMECTHOCTHU PEMIUTh UX MATPUYHBIM METOJIOM:

3x,+2x, +x; =8, 4x, +3x, =17, x, +12x, —3x, =13,
a) 43x,+7x, +4x, =20, 0) <2x,+7x,+3x; =8, B){2x,—1lx, —9x, =-6,
5x,+2x, +6x,=35; —14x, —x;=35; 3x,+22x, +7x, =9.

15.3.4 VccrnenoBaTth CHUCTEMBbI JIMHEWHBIX anreOpanvyecKux YpaBHEHHU Ha
COBMECTHOCTh H B CIIy4ae COBMECTHOCTH PEIIUTh UX MeToJIoM [ aycca:

x, + 3x,— 5x; +4x, =1,
2x, —3x, +2x, =5, X=X, +x,=1,
3x, +10x, —13x, +8x, =1,

a) 0) y4x, +5x,—x; =6, B) 12x,+Xx,—x;=2,
2x, + 9x, —10x; + 6x, =2,

3x,+2x, —=3x,=5; 3x,—x, —x,=1.
4x, +14x, —11x, —8x, =3.

15.4 3apnaHus NI KOHTPOJIHUPYEMOM CaAaMOCTOATEIbHOI Pa0d0ThI

15.4.1 HUccnenoBaTh cucTEMY JIMHEHHBIX aJlreOpanvecKuX ypaBHEHHUM Ha COB-
MECTHOCTh. B cilydae coBMecTHOCTH pemuTh e€: a) MaTpUYHBIM METOAO0M; 0) 1o
dbopmynam Kpamepa; B) metomom ["aycca.
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15.4.1.1

15.4.1.3

15.4.1.5

15.4.1.7

15.4.1.9

15.4.1.11

154.1.13

15.4.1.15

15.4.1.17

15.4.1.19

N

N

N

4x, +x, —3x, =1,
X +x,—x;=0,
8x, +3x, —6x; =2.
2x, —x, +2x; =1,
X, +x, +2x, =3,
4x, +x, +4x, =3.
=7,
3x,+2x, +5x;, =8,

4x, —x,

L X —3x, +4x, =1

2x, +3x, +x, =2,
2x, +x, +3x, =-2,
3x,+2x, +x;,=1.
3x, +2x, +3x, =8,
2x, —3x, +x, =0,
Tx, +4x, —x,=10.
3x,—2x, +4x, =1,
3x,+4x, —2x, =0,
2x, —x, —x;=2.
2x, +3x, +x, =0,
2x, +x, +3x, =4,
3x,+2x, +x,=2.
4x, —x, +5x;, =10,
—7x, =-10,

x, +4x, —x, =—4.

3x,

4x, +x, +4x, =7,
2x,—x, +2x, =5,
X +x,+2x,=2.
x, +x, +2x, =10,
4x, +x, +4x, =24,

2x, —x, +2x,=6.
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15.4.1.2

15.4.1.4

15.4.1.6

15.4.1.8

15.4.1.10

15.4.1.12

15.4.1.14

15.4.1.16

154.1.18

15.4.1.20

N

N

N

N

N

3x, +4x, —2x; =35,
2x, —x, —x; =3,
3x,—2x, +4x, =-1.
x, +4x, —x,=-3,
5x, +4x, =-5,
3x,—2x, +5x, =5.
x, —4x,—2x, =0,
3x,—5x,—6x,=0,

3x +x,+x,=7.

3x, +4x, +2x, =10,
X +5x, +x,=17,
2x, —x, —3x; =3.
5x,+x, —3x; =4,
4x, +x, —x; =2,

X, —2x,=2.
2x, +3x, +4x, =1,
Tx, —5x, +x, =12,
4x,
3x,+2x, +x;, =3,

+x, =4.

2x, +x, +3x, =4,
3x, +2x, +x, =3.
3x, —5x, —6x, =3,
3x,+x,+x;, =4,

x, —4x, =2x,=-1.
2x, —3x, +x; =4,
X, +5x, —6x, =~11,
3x, +x, +4x, =3.
7x,—5x, —x, =6,
2x, +3x, —2x, =0,
5x, —8x, +11x; =16.



2x, +3x, = 5x, =2, X, +2x,—x,=0,
15.4.1.21 4x, +x,+2x, =3, 15.4.1.22 5x,+3x, —x, =4,
X, +x, —4x; =-3. 4x, +3x, —2x, =2.
3x,+2x, —x; =4, 3x,+5x, —2x, =3,
15.4.1.23 15x,+6x, —9x, =2, 15.4.1.24 {x +2x,—7x,=—1,
x, +x, —8x; =—6. 2x,+3x, +2x, =—1.
X, +2x, +3x;=-1, 5x,+2x, —2x, =17,
15.4.125 3x —2x, +x, =5, 15.4.1.26 43x,+2x,-3x,=6,
5x,—3x, +6x, =8. X, +2x,+x,=0.
Tx, —x, +3x, =8, 4x, +2x, —x, =6,
15.4.1.27. x, +3x, +4x, =-2, 15.4.1.28 13x,+3x, +x; =6,
6x, —4x, +5x, =10. x, —x, +10x; =0.
X, +2x,—x; =4, 8x,—3x, —x; =5,
15.4.1.29 12x, +3x, =4x, =09, 15.4.1.30 {4x, +3x, —2x, =7,
X, +x, +7x;==3. 4x, —6x, +5x;, = 2.

16 CUCTEMbI JUHEVHBIX AJITEFPAMYECKUX YPABHEHUI
(mpakTu4yeckoe 3ausatue 17)

Conepskanue: peEIICHUE MPOU3BOJIBHBIX CHUCTEM JIMHEHHBIX alre0pandyecKux
YpaBHEHUH; OAHOPOJIHBIE CUCTEMBI JIMHEUHBIX AJIreOpanyecKux ypaBHeHUM; GyHaa-
MEHTAJIbHAsl CUCTEMA PELICHUN M Pa3MEPHOCTh JIMHEWHOTO MPOCTPAHCTBA PELIEHUN
OJHOPOJHOU CUCTEMBI.

16.1 TeopeTnueckuii MaTepuaJ Mo TeMe NPAKTHYECKOT0 3aHATHS

PaccMoTpum pellieHre MPOU3BOJIBHBIX CHUCTEM JIMHEHHBIX anreOpandecKux
YpPaBHECHUH.

1. rangA # rang A‘B, CHCTEMa HECOBMECTHA, TO €CTh HE UMEET PEIICHUS.

2. mngA:mngA‘B:nSm, II€ 1 — YUCIO HEWU3BECTHBIX, & M — YUCIIO

ypaBHeHUH B cucteMe. CucremMa COBMECTHA M UIMEET €IMHCTBEHHOE pemieHne. /s e€
penieHus onpeaensieM 0azucHblil MuHOp. Ha ocHOBaHMM TeopeMbl 0 Oa3UCHOM MUHO-
pe, CTPOKH HEe BXOAsIIMe B Oa3UCHBI MHHOP, MOKHO BBIYEPKHYTh. B pesynbrare
IIPUXOAMM K PABHOCUJIIBHOU CHUCTEME, KOTOpasi COAEPIKUT 71 HEU3BECTHBIX U 71 YpPaB-
HEHUU, IPUYEM ONPEAECIUTENIb OCHOBHON MATPHUILIbl ’TOM CUCTEMBI OTJIUYEH OT HYJIS,
Kak Oa3uCHBIM MUHOp, a Takas cHUCTeMa MMEET €AMHCTBEHHOoe pelieHue. [lomyuen-
HYI0 CUCTEMY MOKHO PELIUTH JHOOBIM U3 BBIIIEPACCMOTPEHHBIX METO/IOB.

3. rangA =rang A‘B =7 <n, CHCTEMa COBMECTHA M UMEET OCCKOHEYHOE MHO-

KECTBO pemieHuid. [[ist pemenrs cucteMsl onpenesnseM 0a3ucHbIA MUHOD. B cucteme
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OCTaBJIsieM TOJBKO T€ ypaBHEHUSA, KOX(PGUIMEHTH NMPU HEU3BECTHHIX B KOTOPBIX
BXOJAT B OazucHbI MUHOp. CliaraeMble C MEPEMEHHBIMU B TMOJIYYEHHOW CHUCTEME,
KO3 (DUIIMEHTHI PYU HEU3BECTHBIX, MPU KOTOPBIX HE BXOJIAT B OA3WCHBIA MHUHOD, B
Ka>KJIOM U3 YPaBHEHMH MEPEHOCHM B MPaBYIO 4acTh. B pe3ynbTare NpuxoauM K CH-
CTEME C ONpEe/IETUTEIEM OCHOBHOM MaTpHIlbl, OTIIMYHBIM OT HyJsl. [lonydyeHnyto cu-
CTEMY MOXHO PEIIUTh MAaTPUYHBIM METOAOM, 10 popmynam Kpamepa winu merogom
["aycca. Pemenue cucreMbl OyJeT 3aBUCETh OT MEPEMEHHBIX, KOIPPUIMEHTHI MpU
KOTOPBIX HE BXOJIWJU B 0a3UCHBIM MUHOp, & OHM MOTYT IPUHUMATh MPOHU3BOJIbHBIE
3HaueHus. [loaToMy cuctema OyaeT MeTh 0ECKOHEYHOE MHOKECTBO PEIICHUIA.

PaccmoTpum pelieHre OAHOPOAHBIX CHUCTEM JIMHEHHBIX alreOpandecKux
ypaBHeHuil AX =O. OgHOopoaHas cuUcTeMa BCErJa COBMECTHA, TaAK KaK OHA UMEET,
10 KpaHe Mepe, HyJIEBOE PELICHHUE.

Teopema 16.1.1 Ecnu onpeenurens MaTpuibl OAHOPOJHON CUCTEMBI OTJIMYEH
OT HyJIsI, TO CUCTEMa UMEET €IMHCTBEHHOE HYJIEBOE pElICHUE.

Teopema 16.1.2 Ecnu onpenenuresib MaTpulibl OJTHOPOJHOW CHUCTEMBI PaBEH
HYJIIO, TO CUCTEMa UMEET OECKOHEYHOE MHOKECTBO PEIICHUN.

Ecnu onpenenuresip MaTpUlbl OJHOPOJHOM CHCTEMBI PABEH HYJIO, TO PaHT
MaTpHULIbl » OyJeT MEHbLIE YUCIIa HEU3BECTHBIX 7. Pelenne npoBoAuM aHAJIOTHYHO
TPETbEMY CIIy4yal0 PELICHUs TIPOU3BOJIbHBIX cucTeM. [lepemeHHble, K03()(PUINEHTHI
nepesl KOTOPbIMU BXOJAT B 0a3UCHBI MUHOP, Ha3bIBAIOTCSI 0a3MCHBIMU NIEPEMEHHBI-
MU, a OCTajibHble (1 —7) MEepEeMEHHbIE Ha3bIBatOTCS cBOOOAHBIMU. [IpuaaB cBoOO-

HBIM MEPEMEHHBIM (1 —r) pa3 MPOU3BOJIbHBIC 3HAYCHUS, Oy/IeM MOoJIy4aTh pa3iuy-

HBbI€ CHCTEMBI, pEIICHUs KOTOpbIX JIMHEHHO He3aBuUCHUMBbL. Hambonee vacto omHOM
CBOOOJHOI MEpeMEHHON MOOYEepENHO MPUIAIOT 3HAYEHUE, paBHOE 1, a BCe OCTallb-
Hble NpupaBHUBAIOT K 0. B pe3ynpTaTe noayuyum (n —r) JMHEHHO HE3aBUCUMBIE pe-

wenus £, E,,....E .

Onpenenenue 16.1.1 Jlr006asi COBOKYITHOCTb JIMHEHHO HE3aBUCUMBIX PEIICHUM
OJTHOPOJHOM CHCTEMBbI JIMHEWHBIX aireOpanyecKkux ypaBHEHHWH Ha3bIBaeTcs (QyHna-
MEHTaJIbHOW CUCTEMOM PELICHUI.

Teopema 16.1.3 OGuiee pernieHre OAHOPOIHON CUCTEMBL JIMHEMHBIX anreopau-
YECKUX YpPaBHEHHWI Mpe/CTaBIseT COOOW JMHEHHYI0 KOMOMHAINIO (PyHIaMEHTalb-
HOW CHUCTEMBI pellleHun, 1o ectb X, =cE +c,E, +...+¢c, E __,TI€ C,....Cc, . €R.

Teopema 16.1.4 OO6miee perieHre HEOJHOPOAHOM CUCTEMbI JTMHEHHBIX anre0-
panyuecKkux ypaBHEHUH NpeCTaBisieT co00i CyMMy OOIIETo pelieHHs COOTBETCTBY-
IOIIEN OJHOPOJHOM CHCTEMBI U ITPOU3BOJBHOIO YACTHOTO PEIICHUS HEOTHOPOTHOU

cucremel: X, =X +X .

16.2 Ilpumepsl penieHUs: THMIOBBIX 32124
16.2.1 lccnenoBarh CUCTEMY Ha COBMECTHOCTh M B CIy4a€ COBMECTHOCTH
HaWTH O0IIee peIIcHue.
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X, —2x, +3x, =3,
4x, —8x, +15x, =2,
3x,—6x, +12x; =—1.

Pemenne. Pacimmpennas MaTpuiia CUCTEMBI TMHEWHBIX YPABHEHUM UMEET BUJL:

1 -2 3|3
A‘B =14 -8 152 |.Haiiném panr oCHOBHOM U PaCIIUPEHHON MaTpPULl CUCTEMBI.

3 -6 121

Mf:l::O,ij:‘i _2 =0, M), :‘i 135‘:
Panr ocHoBHOI Matpuuibl A4 paBeH rangA=2. Jlyig paclIMpEHHON MaTpULIbI

CUCTEMBl MHUHOpBI OCTAaOTC TE€ XK€,  HO CYLIECTBYET €IIE€ OAUH MHUHOP

1 3 3
M2 =|4 15 2|=0, crenosaTesbHO, paHI pPACHIMPEHHON MATPHIIBI paBeH

3 12 -1

rangA|B =3. Takum o0OpasoM, rangA|B=rangd=2<n=3, T0 eCTb CHCTEMa COB-
MECTHA U UMEET OECKOHEYHOE MHOXKECTBO peleHuil. [lepeMeHHble x,, x, SABIAIOTCS
0a3MCHBIMH NIEPEMEHHBIMY, a IEPEMEHHAsA X, =c¢ — cBoOOaHas. [lepexoaum Kk paBHO-
CWJIBHOH cucTeMe U petinm e€ o popmyinam Kpamepa:

1 3+2¢
4 2+8¢

=2, 1 = b

{ x, +3x;, =3+ 2c,

=39+24c, A, =
4x, +15x, =2 +8c,

3+2¢ 3
2+8c ‘
X, =A JA=13+8¢,x,=A /A=-10/3, X, =(13+8c ¢ -10/3),rne ceR.
16.2.2 HaiiTu oOuiee pemieHrue 0THOPOJHON CUCTEMbL JMHEHHBIX YPABHEHHM.
8x, +2x, —x, =0,
3x,—4x, +5x, =0,
3x,+5x, +2x, =0.

Permenue. Tak KaK OTIpeIeTUTE b MaTPHUIIBI CHCTEMBI
8 2 -1

|4]=]3 -4 5|=-273%0, T0 cuCTeMa UMEET EANHCTBEHHOE HYJIEBOE PEILICHHE.
3 5 2

16.2.3 HaiiTu oO1iee peieHrne 0THOPOTHON CUCTEMbI TMHEHHBIX YPAaBHCHHM.
x, +4x,-5x,=0,
2x, +9x, +5x, =0,
x, +5x, +10x; =0.
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1 4 -5
Pemenne. Tak Kak onpenesnTesb MaTpULbl CUCTEMBI ‘A‘ =2 9 5|=0, 10

I 5 10
CHCTEMa NUMEET OSCKOHEYHOE MHOKECTBO pemeHHﬁ. B kauecTtBe 6a3ucHOro MHUHOpPa

BBIOMpaeM MUHOp M,> = =1#0. Ilepemennsle X, X, ABIAIOTCA Oa3MCHBIMH

HNEepEeMEHHBIMY, a IIEPEMEHHAs X, = c — cBOOOaHas. IlepexonuM K paBHOCHIBHOM CH-
cremMe H pemnM e€ 1o popmynam Kpamepa:
x, +4x, =5c, 5c 4‘

—5Sc

5¢

—5c

=LA

b

=—15c,

1 =

1
=65¢c, A, = ‘2

2x, +9x, =—5c,

A A,

X, =—t=65c,x,=—2=-15¢, X, =(65¢c —15¢ c)T,r,ue ceR.
A A '

16.3 3anaHus NS pelieHUsl HA MPAKTUYeCKOM 3aHATHH
16.3.1 VccrnenoBars cucTeMbl JIMHEWHBIX aareOpanvyecKkux ypaBHEHUN Ha COB-
MECTHOCTb U B CIy4a€ COBMECTHOCTU HAWTH PELICHUE CUCTEM:

3x,+3x, +5x; —x, =5,
2x, +3x, —2x;, =3, 9x, —3x, +5x; + 6x, =4,
B 6x, +6x, +10x, —2x, =6, B
a)—x, +5x, +3x; =2, 0) B) 1 6x, —2x, +3x; +4x, =5,
s 4x, +Tx, +5x, —2x, =1, B
X, +8x, +x;=35; 3x,— x,+3x; +14x, =8.
x, +4x, ~x, =12;

16.3.2 PemuTh OTHOPOJHBIE CUCTEMBI JIMHEMHBIX AJIT€OpanyecKnX ypaBHEHUM:

9x, +8x, +7x, =0, x, +3x,+2x,—5x, =0,
a) 3 x +2x,+3x;,=0, 0) 12x, +6x, +7x; +8x, =0,
4x, +5x, +6x, =0; x, +3x, +5x;+13x, =0;
x, +4x, +3x, +2x, =0, 3x,+x, —8x; +2x, + x, =0,
2x,+3x, +4x, +4x, =0, 2x, —2x, = 3x, = Tx, +2x,=0,
®) 1 2x, — 6x, + 3x, + 23, =0, Dk +11, —12x, +34x, — 51, 20,
13X, —2x, +7x; = 9x, =0 x, —5x, +2x, —16x, +3x,=0.

16.4 3ananus NJI KOHTPOJIHUPYEMOM CAMOCTOATEIbHOI Pad0ThI
16.4.1 VccnenoBath Ha COBMECTHOCTh M HAUTH 00IIIEE PEIICHHE CUCTEMBbI JIH-
HEWHBIX HEOJHOPOIHBIX AIreOpanyecKuX ypaBHCHH.
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16.4.1.1

16.4.1.3

16.4.1.5

16.4.1.7

16.4.1.9

16.4.1.11

16.4.1.13

16.4.1.15

16.4.1.17

16.4.1.19

X +x, +x;, =2,
3x,+2x, +x, =3,
4x, +3x, +2x, =5.

2x, +x,+5x; =1,
4x, +2x, +10x; =2,
8x, +4x, +22x;, =5.

X +x,—x,=2,

12x, +2x, —2x, =4,

5x, +5x, —5x, =10.
X, —X, +x;, =95,

2x, —2x, +3x, =14,
4x, —4x, + 5x, =24.
4x, +x, +x, =6,

X, —x, +6x, =35,

> K
S5x, +4x, —x, =2,

2x, +2x, —2x, =4,

3

3x, +2x, - 5x,

3x, +2x, +x, =-2.
3x, —2x, +x, =1,
=3x, +2x, —x, =-1,
6x, —4x, +2x, =2.

4x, —x, —x,=2,

2x, —x, +3x, =2,
2x —4x, =0.

1

2x1 + 3x2 - 5x3 =0,

4x1 +6x2 —le3 =0,

4x1 +6x2 —9x3 =1.

3x, —2x, + 5x, =9,

x, —12x, +13x, =14,

4x, —14x, +18x, =23.

16.4.1.2

16.4.1.4

16.4.1.6

16.4.1.8

16.4.1.10

16.4.1.12

16.4.1.14

16.4.1.16

16.4.1.18

16.4.1.20
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X +2x, +3x;, =1,
3x,+6x, +5x;, =3,

2x, +4x, +2x; =2.

2x, —3x, +4x, =7,
4x, — 6x, +8x, =14,
6x, —9x, +12x, =21.

3x, —x, +x, =3,

19x, = 3x, +3x, =9,

6x, —2x, +2x, =6.
3x, +x, —2x, =5,
2x, +2x, —2x, =4,
S5x, +3x, —4x, =09.
2x, —6x, +2x, =4,
X, —3x,+x,=2,
4x, —12x, + x, =4.
X, +2x, +2x, =-5,
—2x, —4x, —4x, =10,
-x, —2x,—x,=1.
X +x,—x,=2,
3x, +3x, —3x, =6,
4x, +4x, —4x, =8.
(4x,+6x, +2x, =8,
2x, +3x, +x, =4,
x, —4x, +15x, =4.
X +x,+x,=6,
—X, — X, —X; =—6,
x, +x;, =12.
(2%, +x, —x, =4,
6x, +3x, —3x, =12,

4x, +2x, —2x, =8.



16.4.1.21

16.4.1.23

16.4.1.25

16.4.1.27

16.4.1.29

16.4.2 3anmucath OJHOPOJHYIO CHCTEMY JIMHEWHBIX alreOpandyeckux ypaBHe-
Huii AX =0, ans koTopol 3amana matpuna A. Hailtu pyHaaMeHTalbHYI0 CUCTEMY
pPELIEHNI TTOJYYEHHOM OJHOPOJHOW CUCTEMBI JIMHEMHBIX YPAaBHEHUU W ONPEAEIUTH
Pa3MEpPHOCTh JIMHEMHOTO MPOCTPAHCTBA PEIICHWUM MaHHOM cHuCTeMbl. OnpenenuThb

X, +2x, +3x, =4,
2x, —4x, + 6x, =8,
3x, —2x, +9x, =12.
X, +x,—x, =1

3x, +3x, —3x, =3,
4x, +4x, —4x, =4.
2x, —3x, +4x, =5,
2x, —x, +4x, =4,
4x, —4x, +8x, =9.

(4x, +2x, +x, =7,

18x, +4x, +2x, =14,

l6x, +8x, +4x, =28.
(3x, +3x, =x, =5,
x, +x, —12x, =6,

X, +x, +23x, =-T7.

16.4.1.22

16.4.1.24

16.4.1.26

16.4.1.28

16.4.1.30

5x, —x, +2x, =12,
10x, —2x, + 4x, =24,
Sx, —x, +2x, =12.

X, +x,+x,=3,

2x, +2x, +2x, =6,
3x, +3x, = 5x,=0.
2x, +3x, —x, =7,
2x, +3x, = 5x, =3,
4x, + 6x, —6x, =10.
x

=X, —x, =—1,

1%, —x, +x, =1,

2x,—2x, =0.
(x, +x, +x, =6,

- X, — X, —Xx, =—0,

3x, +2x, =-8.

oO11iee pelieHue 3aJaHHON OTHOPOHOM CUCTEMBI JIMHEHHBIX YPaBHCHUM.

164.2.1

16.4.2.3

16.4.2.5

16.4.2.7

1 2 3 1 -1
A=13 -1 1 -1 3
4 1 -2 0 2
1 1 1 1 1
A=|5 -1 3 -1 4].
4 -2 2 -2 3
31 4 -1 2
A=|9 3 12 1 —1].
6 2 8 2 3
I -1 1 -1 1
A=|3 1 -4 1 =2
8 4 1 4 3

16.4.2.2

164.2.4

16.4.2.6

16.4.2.8
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5 -1 3 5 =2
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